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We obtain infinitely many non-zero integer quadruples (x,y, z, W) satisfying the bi-quadratic

equation with four unknowns 5xy +3z2 =3w".
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INTRODUCTION

The theory of Diophantine equations offers a rich variety of
fascinating problems. In particular, bi-quadratic diophantine
equations, homogeneous and non-homogeneous have aroused
the interest of numerous mathematicians since antiquity
(Dickson 1952; Mordell 1969; Carmichael 1959; Telang 1996;
Nigel D. Smart 1999). In this context, one may refer (Gopalan
and Pandichelvi, 2009; Gopalan and Shanmuganandham, 2010;
Gopalan and Sangeetha, 2010; Gopalan and Padma, 2010;
Gopalan and Shanmuganandham, 2012; Gopalan and
Sivakami, 2013; Gopalan et al, 2013; Vidhyalakshmi et al,
2014; Meena et al, 2014; Gopalan et al, 2015; Gopalan et al,
2015; Gopalan et al, 2016) for various problems on the bi-
quadratic diophantine equations with four variables. However,
often we come across non-homogeneous bi-quadratic equations
and as such one may require its integral solution in its most
general form. It is towards this end, this paper concerns with
the problem of determining non-trivial integral solutions of the
non-homogeneous equation with four unknowns given by

S5xy+3z> =3w*.

*Corresponding author: Shreemathi Adiga

Method of Analysis

The bi-quadratic equation with four unknowns to be solved is
given by

S5xy+3z" = 3w (1)
Introduction of the linear transformations

X=u+v, y=u—-v, zZ=YV (2)
in (1), leads to

5u2 - 2V2 = 3W4 3)

Again, introducing the transformations

u=X+2T , v=X+5T 4)
in (3), it gives

X?=10T% +w' )
which is satisfied by

X =10m> +n* , T =2mn ©6)

W2 = 10m2 — I’l2 (7)
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Substituting the values of X and T from (6) in (4) and using (2),
we have

x=20m*+2n* +14mn

y =—6bmn ®)

z=10m* + n* +10mn

As our interest is on finding integer solutions to (1), to obtain w
in integers from (7), assume

m= az + b2 9)
Write 10 as
10=3+i)(3-1) (10)

Using (9), (10) in (7) and employing the method of
factorization, define

wtin=03+i)(a+iby

from which, we get

w:3(a2—b2)—2ab (11)
n=a’—b’+6ab (12)
Substituting (9) and (12) in (8), we have

x=36a" +8b* +108a’h* +1084°h + 60ab’

y=—6a*+6b* —36a’h—36ab’ (13)

z=21a" +b* +54a*b* + 72a°b + 48ab’

Thus, (11) and (13) represent the integer solutions to (1).
Note: 1
In addition to (10), one may also write 10 as

10 = (1+34)(1-34)

In this case, the corresponding values of x, y, z and w
satisfying (1) are given by

x =80a* —4b* +12a°b*> + 52a°b + 4ab’
y=—18a"+18b* —12a’h —12ab’

z=49a" 110" + 6a°b’ +32a’bh + 8ab’
w=a’-b*—6ab

Remark: 1

The value of w from (7) may be obtained as follows:
Write (7) in the form of ratio as
w+3m: m-—n :g’ B0
m+n w-3m
The above equation is equivalent to the system of double
equations

Bw+(3p—a)m—an =0

ocw—(B+3oc)m+Bn:0

Applying the method of cross multiplication, it is seen that

m= —(oc2 + Bz)

(14)
n=o’-p>-6ap
w=3([32 —o&)—zocB (15)
Substituting (14) in (8), we have
x=8a" + 368 +10802B? + 60c’B + 1080’
y=6a' —6B* —360°B — 360’ (16)

z=o' +21B* + 540’ + 48a’B + 720’

Thus, (15) and (16) represent the integer solutions to (1).
Note: 2
One may also write (7) in the form of ratio as

w+m=3m—n=g, B0
3m+n  w-m B

Following the procedure presented above, the corresponding
integer solutions to (1) are obtained as follows:

x=4(-at +20B* + 30°B> + o’ +13ap’ )
y=2(9a* —9p* — 60’ — 6ap’)
z=—11o" +49B* + 60°B* + 8a’B + 320’

w=p’>—a’ —60p
Remark: 2

To solve (5), observe that it is written as the system of double
equations as shown below in Table: 1

Table 1 System of double equations

System 1 2 3
X+w* 10T 5T 577

X-w T 2T 2
Consider system: 1. On solving and employing (4), (2), we get
x=360", y=-60’, z=2la> , w=43a

In a similar manner, considering system: 2, we have
x=840’, y=—18a’, z=51a’ , w==3a

Now, considering system: 3 and solving, we get

T=2k, X=10k+1 (17)

w? =10k* -1 (18)
From (17), (4) and (2), note that

x=20k*+14k +2
y=—6k (19)

z=10k* +10k +1
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Now, to obtain w from (18), observe that it is the negative
pellian equation whose smallest positive integer solution is

ky=1, w,=3

To obtain the other solutions of (18), consider its corresponding
positive pell equation represented by

w’ =10k +1
whose general solution (kn R VT/” )is given by
~ 1 ~ 1
Wn =_f;z > kn = gn
2 24/10
where

7,=l9+6410) " +(19-6410) " , g, =(19+610) " ~(19-6v10) ", n=0,1,2,...

Applying Brahmagupta lemma between (ko, Wo) and (kn R VT/H)
, the other integer solutions of (18) are given by

1 3
k. =—f +—— 20
el 2fn WL (20)
Wn+1=%fn +—‘;Ogn , n=-1,0,1,2,.... 1)

Substituting (20) in (19), we have
x,, =20k +14k,  +2

Y =6k, (22)
z, ., =10k’ +10k,  +1

Thus, (21) and (22) represent the integer solutions to (1).
Remark: 3

Introduction of the linear transformation

zZ=X—-Yy (23)
in (1) gives

3()62 + yz)— Xy = 3w’ (24)

Treating (24) as a quadratic in x and solving for x, we get

x:é(yi\/36w4—35y2) (25)

Let o° =36w* —35)° (26)
Express (26) in the form of ratio as

a+w2_35(w2—y)_£
oW’ _Q’ 0>0

Representing (26) as the system of double equations and
employing the method of factorization, it is seen that

w4y

o=P +70PQ -350° Q7)
y:—Pz +2PQ+35Q2 (28)
w? =350% + P? (29)

Substituting (27) and (28) in (25) and for simplicity, taking the
positive sign, it is obtained that

x=12PQ (30)
In view of (23),

z=P>*+10PQ 350" 31)
Now, observe that (29) is satisfied by

Q=2ab , P=35a"-b’ (32)
w=35a"+b (33)

The substitution of (32) in (28), (30) and (31) gives
x =24ab(35a> - b?)

y=—(354% 1) +4ab(350> - )+ 140a°0> b (34

z=(354% = b*J +20ab(354* - b*)- 1404’

Thus, (34) and (33) represent the integer solutions to (1).
Note: 3

One may represent (29) as the system of double equations as
shown in Table: 2 below:

Table 2 System of double equations

System 1 2 3 4
w+ P 70 70° 50° 0’
w—P 50 5 7 35
Solving system: 1, we have
P=0 (35)
w =60 (36)
Substituting (35) in (28), (30) and (31), we have
y=360", x=120, z=-240’ (37)

Thus, (36) and (37) represent the integer solutions to (1).
Solving system: 2, we have

O=2s+1, P=14s" +14s+1 (38)
w=14s>+14s+6 (39)
Substituting (38) in (30), (28) and (31), we have

x=12(2s+1) (145> + 145 +1)
y=(25+1) (285> + 985+ 37)— (145> + 145 + 1] (40)

2= (145> +14s +1] + (25 +1) (1405 + 705 — 25)

Thus, (39) and (40) represent the integer solutions to (1).
Solving system: 3, we have

O=2s+1,P=10s+10s -1 (41)

w=10s>+10s+6 (42)
Substituting (41) in (30), (28) and (31), we have
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x=12(2s+1) (105> +10s 1)
v =(25+1) (205> +90s +33)— (105> +105 1] 43)

z=(105% +10s—1) +(25+1) (1005 +305—45)

Thus, (42) and (43) represent the integer solutions to (1).
Solving system: 4, we have

O=2s+1,P=2s"+25—17 (44)

w=2s"+2s+18 (45)

The substitution of (44) in (28), (30) and (31) gives x, y, z and
along with (45), they represent the integer solutions to (1)

It is worth mentioning that one may also introduce the
transformations x = X — 27, y = X — 5T in addition to (4)

and repeating the analysis presented above, different sets of
integer solutions to (1) are obtained.

In this paper, an attempt has been made to determine infinitely
many non-zero distinct integer solutions to the bi-quadratic
equation with four unknowns given by (1). As diophantine
equations are rich in variety, an attempt may be made to find
integer solutions to other choices of biquadratic equations with
multiple variables as well as higher order diophantine equations
with multiple variables.

References

Dickson L.E., History of Theory of Numbers, Vol.11,
Chelsea publishing company, New York (1952).

Mordell L.J., Diophantine equations, Academic press,
London (1969).

Carmichael R.D., The theory of numbers and Diophantine
Analysis, Dover publications, New York (1959).

Telang S.G., Number theory, Tata Mc Graw Hill publishing
company, New Delhi (1996).

Nigel, D. Smart, The Algorithmic Resolutions of
Diophantine Equations, Cambridge University press,
London (1999).

Gopalan M.A. and Pandichelvi V., (2009). On the Solutions
of the Biquadratic equation

V) V)
(x2 - yz) = (22 - 1) + w* paper presented in the
international conference on Mathematical Methods and
Computation, Jamal Mohammed College,

Tiruchirappalli, July 24-25.
Gopalan M.A. and Shanmuganandham P., (2010). On the

biquadratic equation x* + y* +2z* =2w", Impact
J.Sci tech, 4(4): 111-115.

Gopalan M.A. and Sangeetha G., (2010). Integral solutions
of Non-homogeneous Quartic equation
xt—yt= (20{2 + 20+ l)(z2 - wz), Impact J.Sci
Tech, 4(3): 15-21.

Gopalan M.A. and Padma R., (2010). Integral solution of
Non-homogeneous Quartic equation

xt - y4 =z — W , Antarctica J. Math., 7(4): 371-
377.

Gopalan M.A. and Shanmuganandham P., (2012). On the
Biquadratic Equation

2n
x4+t +(x+y)z3 = 2(k2 +3) w', Bessel U.
Math., 2(2): 87-91.

Gopalan M.A. and Sivakami B., (2013). Integral solutions of
quartic equation with four unknowns
X+ +2 =3xyz+ 2(x + y)w3 , Antarctica J.
Math., 10(2): 151-159.

Gopalan M.A., Vidhyalakshmi S. and Kavitha A., (2013).
Integral solutions to the bi-quadratic equation with four

unknowns (x +y+z+ w)2 =xyzw+1, 10SR, 7(4):
11-13.

Vidhyalakshmi S., Gopalan M.A. and Kavitha A., (2014). On
the integral points of the biquadratic equation with four
unknowns

(x - J’)(xz + y2)+ (xz —-xy+ yz)z =12zw°,
SIPMS, 1(1): 19-21.

Meena K., Vidhyalakshmi S., Gopalan M.A. and Aarthy
Thangam S., (2014). On the biquadratic equation with

four  unknownsx’ + 3’ =39zw’,  International

Journal of Engineering Research Online (ijoer), 2(1):
57-60.

Gopalan M.A., Sangeetha V. and Manjusomanath, (2015).
Integer solutions of non-homogeneous bi-quadratic
equation with four unknowns

4()63 + y3 ) =3 1(/(2 +3s° )ZW3 , Jamal Academic
Research Journal, special issue: 296-299.

Gopalan M.A., Vidhyalakshmi S. and Thiruniraiselvi N.,
(2015). On the homogeneous biquadratic equation with
four  unknownsx* + y* +2z* =32w*,  Scholars
Bulletin, 1(7): 177-182.

Gopalan M.A., Vidhyalakshmi S., Thiruniraiselvi N., (2016).
On the non-homogeneous biquadratic equation with four
unknowns
2(x3 + y3)z3 = 2()62 + yz)z + lO(x + y)w3 , Jamal

Academic Research Journal, special issue: 291-294.

How to cite this article:

Anusheela, N., Shreemathi Adiga and Gopalan, MA.2018, On Bi-Quadratic with four Unknowns. Int J Recent Sci Res. 9(6),
pp. 27382-27385. DOI: http://dx.doi.org/10.24327/ijrsr.2018.0906.2246

skkokosk skokok

27385 |Page



