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We obtain infinitely many non-zero integer quadruples  wzyx ,,,  satisfying the bi-quadratic 

equation with four unknowns
42 335 wzxy  .   

 

 

 
 

 
 

 
 
 
 
 
 
 
 

 
 
 
 
 

 
 

 
 

 
 

 
 
 
 
 

 
 
 
 
 
 
 
 

 
 

 
 

 

 
 

 
 

 
 

 
 
 
 
 
 

 
 

 
 

 
 

 

 
 

 
 

 
 
 
 
 
 
 
 

 
 

 
  

  
 
 

 
 
 

 
 

 
 

 
 
 
 
 
 
 

 
 
 
 
 
 

 
 

 
 

 
 

 

 
  

 
 

 

INTRODUCTION 
 

The theory of Diophantine equations offers a rich variety of 
fascinating problems.  In particular, bi-quadratic diophantine 
equations, homogeneous and non-homogeneous have aroused 
the interest of numerous mathematicians since antiquity 
(Dickson 1952; Mordell 1969; Carmichael 1959; Telang 1996; 
Nigel D. Smart 1999).  In this context, one may refer (Gopalan 
and Pandichelvi, 2009; Gopalan and Shanmuganandham, 2010; 
Gopalan and Sangeetha, 2010; Gopalan and Padma, 2010; 
Gopalan and Shanmuganandham, 2012; Gopalan and 
Sivakami, 2013; Gopalan et al, 2013; Vidhyalakshmi et al, 
2014; Meena et al, 2014; Gopalan et al, 2015; Gopalan et al, 
2015; Gopalan et al, 2016) for various problems on the bi-
quadratic diophantine equations with four variables.  However, 
often we come across non-homogeneous bi-quadratic equations 
and as such one may require its integral solution in its most 
general form.  It is towards this end, this paper concerns with 
the problem of determining non-trivial integral solutions of the 
non-homogeneous equation with four unknowns given by

42 335 wzxy  .   

 
 

Method of Analysis 
 

The bi-quadratic equation with four unknowns to be solved is 
given by 
 

42 335 wzxy                                                    (1) 
 

Introduction of the linear transformations  
 

vzvuyvux  ,,                                           (2)  
in (1), leads to 
 

422 325 wvu                                                     (3)  
 

Again, introducing the transformations 
 

TXvTXu 5,2                                    (4)  
 

in (3), it gives 
 

422 10 wTX                                                                    (5)  
which is satisfied by 
 

mnTnmX 2,10 22                                     (6) 
222 10 nmw                                                     (7) 
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Substituting the values of X and T from (6) in (4) and using (2), 
we have 



















mnnmz

mny

mnnmx

1010

6

14220

22

22

                    (8) 

 

As our interest is on finding integer solutions to (1), to obtain w 
in integers from (7), assume 
 

22 bam                        (9) 
 

Write 10 as  
  

   ii  3310                                                 (10) 
 

Using (9), (10) in (7) and employing the method of 
factorization, define   
  

   23 ibainiw   
 

from which, we get 
 

  abbaw 23 22                                    (11) 
 

abban 622                                     (12) 
 

Substituting (9) and (12) in (8), we have 
     



















332244

3344

332244

48725421

363666

60108108836

abbababaz

abbabay

abbababax

      (13) 

 

Thus, (11) and (13) represent the integer solutions to (1). 
Note: 1 
In addition to (10), one may also write 10 as 
  

   ii 313110   
 

In this case, the corresponding values of x, y, z and w 
satisfying (1) are given by    

332244 45212480 abbababax   
3344 12121818 abbabay   

332244 83261149 abbababaz   

abbaw 622   
 

Remark: 1 
 

The value of w from (7) may be obtained as follows: 
Write (7) in the form of ratio as 

0,
3

3
















mw

nm

nm

mw
 

The above equation is equivalent to the system of double 
equations 
 

  03  nmw  

  03  nmw  

Applying the method of cross multiplication, it is seen that 
 

 











622

22

n

m
                                  (14) 

 

   23 22w                                   (15)  
 

Substituting (14) in (8), we have 
 



















332244

3344

332244

72485421

363666

10860108368

z

y

x

      (16) 

 

Thus, (15) and (16) represent the integer solutions to (1). 
Note: 2 
One may also write (7) in the form of ratio as 
 

0,
3

3
















mw

nm

nm

mw
 

Following the procedure presented above, the corresponding 
integer solutions to (1) are obtained as follows: 
 

 332244 133204 x  

 3344 66992 y  

332244 32864911 z  

 622w  

Remark: 2 
 

To solve (5), observe that it is written as the system of double 
equations as shown below in Table: 1 
 

Table 1 System of double equations 
 

System 1 2 3 
2wX   T10  T5  

25T  

2wX   T  T2  2  
 

Consider system: 1. On solving and employing (4), (2), we get 

 3,21,6,36 222 wzyx  
 

In a similar manner, considering system: 2, we have 
 

 3,51,18,84 222 wzyx  
 

Now, considering system: 3 and solving, we get 
 

110,2 2  kXkT                                  (17) 
 

110 22  kw                                   (18) 
From (17), (4) and (2), note that 
 



















11010

6

21420

2

2

kkz

ky

kkx

                                                (19) 
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Now, to obtain w from (18), observe that it is the negative 
pellian equation whose smallest positive integer solution is  
 

3,1 00  wk  
 

To obtain the other solutions of (18), consider its corresponding 
positive pell equation represented by 

 110 22  kw  

whose general solution  nn wk ~,
~

is given by  

nnnn gkfw
102

1~
,

2

1~   

where 

        ....,2,1,0,1061910619,1061910619
1111




ngf
nn

n

nn

n
 

Applying Brahmagupta lemma between ),( 00 wk and  nn wk ~,
~

, the other integer solutions of (18) are given by 
 

nnn gfk
102

3

2

1
1                                    (20) 

....,2,1,0,1,
2

10

2

3
1  ngfw nnn                  (21) 

 

Substituting (20) in (19), we have 
 

























11010

6

21420

1
2

11

11

1
2

11

nnn

nn

nnn

kkz

ky

kkx

                  (22) 

 

Thus, (21) and (22) represent the integer solutions to (1). 
 

Remark: 3 
 

Introduction of the linear transformation 
  

yxz                                     (23) 
 

in (1) gives 

  422 33 wxyyx                                   (24) 
 

Treating (24) as a quadratic in x and solving for x, we get 
 

 24 3536
6

1
ywyx                                   (25) 

 

Let 
242 3536 yw                     (26) 

 

Express (26) in the form of ratio as 
 

 
0,

35
2

2

2

2










Q

Q

P

w

yw

yw

w
    

  

Representing (26) as the system of double equations and 
employing the method of factorization, it is seen that 
 

22 3570 QPQP 
    

                 (27) 
 

22 352 QPQPy                                    (28) 
222 35 PQw                                                   (29) 

Substituting (27) and (28) in (25) and for simplicity, taking the 
positive sign, it is obtained that  
 

PQx 12                                    (30) 
 

In view of (23), 
22 3510 QPQPz                                                  (31) 

 

Now, observe that (29) is satisfied by 
 

2235,2 baPabQ                                   (32) 
 

2235 baw                                     (33) 
 

The substitution of (32) in (28), (30) and (31) gives 
 

 

   

    

















2222222

2222222

22

140352035

14035435

3524

babaabbaz

babaabbay

baabx

      (34) 

 

Thus, (34) and (33) represent the integer solutions to (1). 
 

Note: 3 
 

One may represent (29) as the system of double equations as 
shown in Table: 2 below: 
 

Table 2 System of double equations 
 

System 1 2 3 4 

Pw   Q7  27Q  
25Q  

2Q  

Pw   Q5  5  7  35  
 

Solving system: 1, we have 
  

QP                                      (35) 
 

Qw 6                                                                  (36) 
 

Substituting (35) in (28), (30) and (31), we have 
 

222 24,12,36 QzQxQy                   (37) 
 

Thus, (36) and (37) represent the integer solutions to (1). 
Solving system: 2, we have 
  

11414,12 2  ssPsQ                                  (38) 
 

61414 2  ssw                                   (39) 
 

Substituting (38) in (30), (28) and (31), we have 
 
 

   

     

      

















25701401211414

1141437982812

114141212

222

222

2

sssssz

sssssy

sssx

    (40) 

 

Thus, (39) and (40) represent the integer solutions to (1). 
Solving system: 3, we have 
 

11010,12 2  ssPsQ                                  (41) 

61010 2  ssw                                   (42) 
Substituting (41) in (30), (28) and (31), we have 
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   

     

      

















45301001211010

1101033902012

110101212

222

222

2

sssssz

sssssy

sssx

      (43) 

Thus, (42) and (43) represent the integer solutions to (1). 
Solving system: 4, we have 
 

1722,12 2  ssPsQ                                  (44) 
 

1822 2  ssw                                   (45) 
 

The substitution of (44) in (28), (30) and (31) gives x, y, z and 
along with (45), they represent the integer solutions to (1) 
  

It is worth mentioning that one may also introduce the 

transformations TXyTXx 5,2   in addition to (4) 

and repeating the analysis presented above, different sets of 
integer solutions to (1) are obtained. 
  

In this paper, an attempt has been made to determine infinitely 
many non-zero distinct integer solutions to the bi-quadratic 
equation with four unknowns given by (1). As diophantine 
equations are rich in variety, an attempt may be made to find 
integer solutions to other choices of biquadratic equations with 
multiple variables as well as higher order diophantine equations 
with multiple variables.  
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