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INTRODUCTION

The notion of 2-metric space was investigated by Gihler
[6],[7],[8]. The notion of generalized metric space (D-metric
space) is introduced by Dhage [5]. He proved some results on
fixed point theorems for a self mapping of a complete and
bounded D-metric space. A number of fixed point theorems
have been proved for 2-metric spaces. However Hsiao showed
that all such theorems are trivial in the sense that the iterations
of f are collinear.

Fortunately, in the case of D-metric spaces the situation in not
alike sees Ahmad et al. [1]. Here it should be noted that Singh,
Kumar and Ganguly [9] in their paper explained their
differences with the argument of Hsiao with example. Probably
because the paper was published in Hindi, it could not find
much publicity in the international area.

Antonovskii et al. [2] defined topological semi field in 1960.
Sharma and Sharma [11] proved a fixed point theorem in 2-
metric space over topological semi field. Recently the concept
of compatible maps in D-metric space introduced by Sing and

*Corresponding author: Rajesh Tokse
Research Scholar, MGCGVYV, Chitrakoot (MP) India

Sharma [10] and they proved common fixed point theorems for
compatible maps in generalized metric spaces.

In this paper we wish to present the result on common fixed
point theorems using compatible maps in D-metric space over
topological semi field.

Preliminaries
We recall some definitions

Definition 2.1: We shall call a commutative associative
topological ring E, a topological semi field if there is isolated in
some set K satisfying:

1. K+K < K; KK C K,

2. K-K=E

3. The least upper bound and greatest lower bound
exists,

4. For a, b € K the equation ax = b has at least one

solution in K,

5. The intersection K M (-K) contains only the zero
element of the ring.
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Remark 2.1: The axioms for a topological semi field are so
chosen that its properties recall those of the fields of real
numbers. In fact, it was proved by Antonovskii ef al. [10], that
any topological semi field contains topological fields
isomorphic with the real line.

Remark 2.2: We shall call elements of the set K positive
elements of the semi field E and elements of the set K — K will
be called boundary elements of the semi field E.

Remark 2.3: We agree to write the relationx—y e K, x -y €
K also in the form x>y, x >y (or in the form y <x,y<x).
In particular, the inequality x > 0 means x € K and x > 0
means that x € K.

Remark 2.4: The set K contains elements, which are different
from zero.

Definition 2.2: Let E be a semi field and K be the set of all its
positive elements. The non-empty set X is called a D-metric
space over the topological semi field E if there exists a real
function D: Xx Xx X — K  that satisfies the following
conditions:

(D-1) D, y, z) 2 0 for all x,y,z € X (non-negativity) and
the equality holds ifand only if x = y = z,

(D-2) D(x,y,z) = D(y,x,z) = D(y,z,X) ...

(Symmetry),

(D-3) D(x,y,2) £ D(x,y,a) + D(x,a,z) + D(a,y,z) for all x,y,z,a
in X.

(Rectangle inequality)

Definition 2.3: A sequence {X,} of points in a D-metric space
(X,D) over a topological semi field E is said to be D-
convergent and converges to a point x € X if , lim, 5o D(Xy,

Xm, X) € U for all x € X where U € E is the neighborhood of
the origin.

Definition 2.4: A sequence {x, } of points in (X,D) over a
topological semi field E is said to be D-Cauchy if
OOD(Xn > Xma Xp) € U

111Tlm,n,p -

Definition 2.5: A D-metric space over topological semi field E
is called D-bounded if there exists a constant M such that
D(x,y,z) £ M for all x,y,z € X.

Definition 2.6: A self-mapping T of a D-metric space (X,D)
over a topological semi field E is said to be continuous at x €
X if Tx, — Tx, whenever X, — X.

Definition 2.7: Two self mappings A and B of a D-metric
space (X,D) over a topological semi field E are said to be D-
weakly commuting if D(ABx, BAx, z) < D(Ax, Bx, z)
Where vy = ABx (or BAx) and z = Ax (or Bx) forallx e
X.

Definition 2.8 : Two self mappings A and B of a D-metric
space (X,D) over a topological semi field E are said to be D-
compatible if

lim,_,, D(ABx, Bax,z) = 0 where z = ABx, (or BAx,)
whenever {x,} is a sequence in X such that lim,_,,, Ax, =
lim,_,,, Bx, =y, for some y in X.

Clearly, commutativity implies D-weak commutativity and D-
weak commutativity implies D-compatibility; but neither

implication is reversible always as this can be seen in Singh
and Sharma [11].

Remark 2.5: If E = R be the field of real numbers, we arrive at
the definition of D-metric space. (See Dhage [12], [13]).

Further, Singh and Sharma [14] proved the following.

Proposition 2.1: Let A and B be D-compatible self mappings
of D-metric space X.

1. If Ay = By, then ABy = BAy,
2. If Ax,, Bx, — vy, for some y in X then.

a. BAx, — Ay, if A iscontinuous,
b. If A and B are continuous at y , then Ax = By and
ABy = BAy.

Singh and Sharma [15] proved the following.

Theorem 2.1: Let A, B, F and G be self mappings of a
complete bounded D-metric space (X,D) satisfying
I. AX) cG(X) and B(X) c F(X)
2. Oneof A, B, F or G is continuous
3. Pairs of mappings {A,F} and {B,G} are D-compatible
4. D(Ax, By, z) < ¢[ max{D(Fx, Gy, z), a D(Fx, By,z), a
D(Gy, Ax, 2)}]

for all x,y,z € X where ¢ is non-decreasing function and 0 <
o < 1/3.

Then A, B, F and G have a unique common fixed point in X.

Inspired by the above result, we prove the following, using
proposition 1.

MAIN RESULTS

Theorem 3.1: Let A, B, S and T be self mappings of a
complete and bounded

D-metric space over a topological semi field E satisfying:

I. AX) € T(X)and B(X) < S(X),
. Oneof A, B, S or T is continuous,
3. Pair of mappings {A, S} and {B, T} are D-
compatible,
4. D(Ax, By, z) < o D(Sx, Ty, z) + B{D(Ax, Sx, z) +
D(By, Ty, z)}

+y {D(Ax, Ty, z) + D(By, Sx, z)},

for all x,y,z € X and non negative reals a, 3, y such that /2 <
K" <1 where k= (a+p+2y)/(1-B-7)

Then A, B, S and T have a unique common fixed point in X.

Proof: Let x,be an arbitrary element in X. Then from (1.1),
there exists x;, X, in X such that
y1 =Axg = Tx; and y, = Bx; = Sx, .
Inductively construct a sequence {y,} in X such that y,,= Sx,,
= BXy,.1 and
Yon+1 = TXons1= AXpy,n =1,2,..
Using (1.4) form > 2, we have
D(Yla Y2, Ym) = D(AXO 5 BX] > Ym)
<aD(Sxg , Tx; , ym)+ B{D(AXo, SXg, Ym )JFTD(Bxy, TX1, Ym )}
+ v {D(AXq, TX1, Ym) H(BX1, SXo, Ym)}
<aD(yo, y1, Ym) + B{D(Y1, Yo, Ym ) + D(¥2, y1, Ym )}
+y {D(1, Y1, Ym) + D(¥2, Yo, Ym)}
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Or

(1-B)D(y1, y2, Ym) < (o +B) D(yo, y1 > Y)Y {D(Yo, Y15 Ym)+
D(y1, Yo, Ym) T D(¥2, Y1, Ym )T D(y2, Yo, Y1)},

(I-B-v)D(y1, ¥2,ym) < (aa+B+2y) D(yo, Y1, Ym) T 7 D(yo,

Y1, YZ),
Or

D(y1, ¥2» Ym) < (o +B+2y)/(1-B-v) D(yo, y1, ym)+ v/(1-B
-v) D(yo, ¥1, ¥2)

1. =k D(YOa Y1, Ym) + kl D(YOa Y1, YZ),

where k = (a+B+2y)/(1-B-y) and k; = y/(1-B-y).
Similarly, using (1.4) for any m > 3, we have

D(y2, V3 > Ym) = D(Bx; ,AX;, ym) = D(AXy, Bx;, ym)
<o D(SXZ 5 TX] > Ym) + B{D(AXL lea Ym ) + D(BXl, Txla Ym )}
+Y{D(Axy, TXy, ym) + D(Bx,, Sx2, ym)},
< aD(y2, y1, Ym) T B{D(y3, Y2, Ym ) T D(¥2, Y1, Ym )}
+y {D(y3, Y1, Ym) + D(¥2, Y2, Ym)}>

< aD(yz2, Y1, ¥Ym) T B{D(y3, Y2, Ym ) + D(y2, y1, Ym )}

+ v {D(y2, Y1, Ym) T D(¥3, Y2, ¥m) +
D(y3, y1, y2) + D(y1, ¥2, Ym) }>
or
(I-B-v)D(y2 ¥3,¥m) < (aa+B+2y) D(y2, y1, Ym) 7 D(y1,
Y2, ¥3)5

ie. D(y2y3,ym) < (a+B+2y)/(1-B-v)D(yi, y2, ym)t
Y/(1 - B -7) D(y1, ¥2, ¥3)

= kD(y1, ¥2, Ym) + ki D(y1, ¥2, ¥3),
or
D(y2, ¥3,¥m) £ k[kD(yo, y1,¥ym) + ki D(yo. y1,¥2)] + ki
D(y1, y2,¥3) -

= K D(yo, Y1, ym) + kki D(¥0, 1, ¥2)] + ki D(y1, ¥2 » ¥3) -
ie.

2. D(y2 y3,¥Ym) < K D(yo, yi»¥m) + kki D(yo, y1
y2)1+ ki D(yi, y2,¥3) -

Further we have
D(y3, Y4, Ym) = D(AXy, Bx3, ym)

< aD(Sx;, TX3, ym) + B{D(AXz, SX3, Ym ) + D(Bx3, Txs,
Y )}

+ Y {D(AX27 TX37 Ym) + D(BX37 SX27 Ym)},
or

D(yfn Ya, Ym) < o D(Y2 > Y3, Ym) + B{D(y3a Y2, Ym ) + D(Y4,
Y35 Ym )}

+ v {D(y3, Y3, Ym) + D(¥4, Y2, Ym)}>
or

D(y3s Ya, Ym) < o D(y2 > Y3, Ym) + B{D(y3a Y2, Ym ) + D(Y3,
Y4 Ym )}

+ v {D(y2, ¥3, Ym) + D(¥3, Y2, Ym) + D(¥4, ¥3, ¥2) + D(¥4, Y2,

Ym) >
ie.

(I-B-v)D(y3, Ya, ym) < (a+B+2y) D(y2, ¥3, Ym) T 7 D(y2,
Y3, Y4),

D(y3, Ya» Ym) < (a+B+29)/(1-B-7) D(y2, y3, ym) +v/(1 -
B-7) D(y2, y3, ¥4), = kD(y2, ¥3, ym) + ki D(y2, ¥3, ya),

or

D(y3, Y45 ¥m) < K[k D(Yo, ¥1.¥m) + kki D(¥o, y1, y2)] + ki
D(y1, ¥2, ¥3)
+ ki D(y2, y3, Ya),
or
D(y3, Y4, ¥m) < K D(yo, 1, ym) + Kk D(yo, y1, y2)] +kk;
D(y1, y2, ¥3)

+ ki D(y2, y3, ¥4),

Similarly, using (1.4), we have

D(ys, ¥s , Ym) <k* D(yo, y1 . ym)+ K’ki D(yo, y1 , y2)IHK kg
D(Yla Y2 s YS)
+kk D(y2, y3, ya)+ ki D(y3, ys, ys)

Proceeding in this way, we have

D(yo Yot ¥u) € K" Dlyor Y1 ¥) + ki K" DOy y1 v +
k" D(};la Y2, YS)
+ K" D(y2, y3,¥4) - K D(Ynts Yoo Y1)

= kn D(y()a Y, Ym) + kl kn-l D(y()s Y, Ym) + kl Z]r‘l:_(} kn_r_l
D(YH-ls Yn, ym—l)

or
D(¥p, Yo+1 > Ym) < KM +Xk; KM+ k erlz—& KM

D(Yas Yoe1 > Ym) € K" (k+k)M+k K"'M + k T¥P3 K™
1
M

or
D(Yn, a1 > Ym) S K" ko M + k; T223 k™' M, where k +k,
= k, ,now for p,t € N, we have

D(Ym Yn+p s yn+p+t) < D(Ym Yn+1 s yn+p+t) + D(ym yn+p s Yn+l) +
D(Ynﬂa Yn+p s Yn+p+t)a

or
D(Yna Yn+p 5 Yn+p+l) < 2k, kn-lM + 2 k1 Z:‘l:_(} kn-r-l M + D(Ynﬂa
Yn+2 5 Yn+p+t)

+ D(yn+19 yn+p 5 Yn+2) + D(Yn+2: Yn+p 5 yn+p+t)
or

D(Ym Yn+p ) Yn+p+t) S 2k] kmlM + 2 k] Z:.lz_(:)l kmr»] M + 2 kz
K'M + 2k, ¥t kM

+ D(Yn+27 Yn+p 5 Yn+p+t)
=2IME+ K) + 2k M[YPE KT+ BRoE kM)
+ D(YH+29 yn+p s Yn+p+t) s

or
D(Yar Yurp» Yaipr) < 2Mbg [K™+ K" 4+ .+ K7P ]

F2MKZR] K By KT BT K

+ D(Yn+p-1, Yn+p 5 Yn+p+t)

D(Yu, Yatps Yarpr) < 2MIg [K™+ K" +k™" + ...+ (1/2)
kn+p-2 ]

+2Mk[ZR] K TR K e R

+ (1/2) Z::-iﬁl kn+p—r—2]

Nowif (1/2) k"< 1,then 1+k+k*+... +k < K"+ k™!
+K
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i.e.
1 r 1 r
r=0 K < Xroppq K
Therefore

D(Ym Yn+p ’ YH+p+t) <2M k2 [kn_l + kn + kn+l .ot (1/2)
kn+p-2]
FIMKG [ i g K+ Siog K+ Shopg K+ L
+(1/2) +Xfensp-z K]

— 0 asn— oo, since k< 1.

This shows that {y,} is a D-Cauchy sequence in X, by
completeness of X, {y,} converges to some point u in X and
also its subsequences {AXj,},{BXon.1},{Sx2,} and {Txy,41} also
converges to some u in X. Now by (1.2) one of the mapping A,
B, S or T is continuous. Assume this true for S (The other
alternatives will be treated in similar way). From the
conclusion we just derived SAx,, ,SSx,, — Su. By D-
compatibility of (A,S), we have

lim,_,,, D(SAX,,, ASxy,, SAxy,) = 0
which yields ASx,, — Su. On the other hand by (1.4), we have

D(ASXy,, Bxpni, 1) < a0 D(SSXay, TXop41, U) + B{D(ASXy,,
SSx5,, 1)

+ D(Bxan+1, TXont1, Wi+ v {D(ASXa,, Txope1, 1)

+ D(BXn+1, SSXon, 1)}

Letting n — o , we have

D(Swuu) < aD(Suwuu) + B {D(Sw,u,u) + D(wuu)} + vy
{ D(Su,u,u)

+ D(u,Su,u)},

or  D(Suu,u) < (a+B+2y) D(Su,uu) ,

which yields Su = u. Further,

D(Au, Bxpu, 1) < o D(Su, Txpue1, 0) + B{D(Au, Su, u) +
D(Bxzn+1, TXan+1, W)}

+ 7 {D(Au, Txzp+1, u) + D(Bxans1, Su, )}

Letting n — oo, we have

D(Au, u, u) < aD(Su,u,u) + B{D(Au, Su, u) + D(u, u,

u)}
+ v {D(Au, u, u) + D(u, Su, u)},
or D(Au,u,u) £ (B +y) D(Au, u,u) ,

and this yields Au = u.

Since A(X) < T(X), therefore there exists v € X such that u
= Tv = Su. Hence by (1.4), we have

D(u, Bv,u) = D(Au, Bv,u)

< aD(Su, Tv,u) + B{D(Au, Su, u) + D(Bv, Tv, u)}

+ v {D(Au, Tv, u) + D(Bv, Su, u)},

or

D(u, Bv, u) D(Au, Bv, u)

o D(u, Tv, u) + B{D(u, u, u) + D(Bv, Tv, u)}
+ v {D(u, Tv, u) + D(Bv, u, u)}.

Weget D(u,Bv,u) = (B+vy)D(,Bv,u) ,
which gives Bv = u = Tv.

IN I

Hence by compatibility of (B,T) and from Proposition 1,
we have BTv = TBv or Bu = Tu.

Again by (1.4), we have
D(u, Tu,u) = D(Au, Bu, u)
< a D(Su, Tu, u) + B{D(Au, Su, u) + D(Bu, Tu, u)}

+ v {D(Au, Tu, u) + D(Bv, Su, u)},

or

D(u, Tu,u) < aD(u, Tu,u) + pB{D(u, u,u) + D(Tu, Tu, u)}
+ v {D(u, Tu, u) + D(Tu, u, u)},

This follows
D, Tu,u) < (a+p+2y) D(u, Tu,u) .
Which yields Tu = u.

Hence Au = Bu = Su = Tu = u.i.e.uis acommon fixed
point of A, B, Sand T.

Finally for uniqueness let w ( w # u) be another common fixed
point of A, B, S and T. Then by (1.4), we have

D(u, w,u) = D(Au, Bw, u)

< a D(Su, Tw, u) + B{D(Au, Su, u) + D(Bw, Tw, u)}

+ v {D(Au, Tw, u) + D(Bw, Su, u)},

or

D(u, w, u)

< aD@, w,u)+ B{D(u,u,u)+ D(w, w,u)} + vy {D(u, w, u)
+ D(w, u, u)}.

This follows D(u, w,u) < (a+p +2y)D(u, w,u) ,
which yields thatu = v.
This completes the proof.

Corollary 3.1: Let A and S be self mappings of a complete
and bounded D-metric space (X,D) over a topological semi
field E satisfying:

A(X) < S(X),

one of A or S is continuous,

pair of mappings {A, S} is D-compatible,

D(Ax, Ay,z) < o D(Sx, Sy, z) + B{D(Ax, Sx, z) +
D(Ay, Sy, 2)}

+y {D(AX, Sy, z) + D(Ay, Sx, z)},

for all x,y,z € X and non negative reals a, 3, y such that " <
k"™ <1 where k=(a+p+2y)/(1-P-7).

Then A and S have a unique common fixed point in X.
Finally , when S =1 in Corollary 1, we get.

el S

Corollary 3.2: Let A be a self mapping of a complete and
bounded D-metric space (X,D) over a topological semi field E
satisfying:

(1.9) D(Ax, Ay, z)

< aD(x,y,z+ B {D(AX, x, z) + D(Ay, vy, 2z)} + v {D(AX, y,
z) + D(Ay, x, 2)},

for all x,y,z € X and non negative reals a, 3, y such that > <
K" < 1 where

k=(a+B+2y)(1-B-y).

Then A has common fixed point in X.
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