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Since we introduced the term complemented element in a Ternarysemiring and it is proved that (1) if
P, q € U such that p < g, then ppg = pgp = gpp = ppl. Further, if U is simple > p+g=¢q. 2) If U is
a zero sum free Ternarysemiring and if /, g, 7 € comp(U) then, (i) /gitg/ =0 (i) llgand /= g €
comp(U) (iii) /g = Igl = gll. (3) Let U be the zero sum free, then (i) If /, # € comp(U) then / + 4 €
comp(U); (ii) 1+ 1 € comp(U); (iii) comp(U) € I'(U) ; (iv) (comp(U) , +, [ ]) is a ternary sub semi
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INTRODUCTION

Complemented elements play vital role in lattices, as well as
frames. Here, frames are illustrations of semi rings, as it turns
out, such elements play a special role in the semi ring
expression of the semantics of computer programs.

Preliminaries

Def 2.1: U a Ternarysemiring, / € U, [ is known as an +ve zero
provided / + x = x + [ = x for all x€ U.

Def 2.2: U a Ternarysemiring, / € U, / is known as a lelt(resp.
lateral, right) zero of U provided Ibc = [ (resp. blc =1, bcl =)
Y b,ce U. [ € U known as a two sided zero of U if Ibc = bcl
=]V b, ce U. [ € Uknown as zero of U if Ibc = bic = bcl =
IN b, ce T.

Def 2.3: U a Ternarysemiring, / € U, / is known as an
absorbing w. r. t addition if / +x=x+[=[/VxeT. 0€ U, 0is
known as an absorbing zero of U if 0 + x = x =x + Oand Oab =
a0b=ab0=0Y [ b,x € U.

*Corresponding author: Srinivasa Rao G

Ex 2.4: Consider the set Z" with a + b = Icm(a,b). ThenZ" is a
Ternarysemiring with zero element 1, but 1 is not an absorbing
zerosince 1.1.a=a.1.1 =a# 1 forany a € Z" and a# 1.

Ex 2.5: In the power set P(X), define the addition and
multiplication such that for any F, G €P(X) as K + M = KNM
and K.M = (KUM)\(KNM). Then P(X) is a Ternarysemiring
with zero X, since KNX = K, and the unity is ¢. But for any
nonempty proper subset K of X we have X.K = (K U X)\(K N
X)=X\K #X. So X is not absorbing zero.

Def 2.6: A Ternarysemiring in which every element is a left
(resp. lateral, right) zero is called a lelt (resp. lateral, right)
zero Ternarysemiring. A Ternarysemiring with 0 in which the
product of any three elements equal to 0 is called a zero
Ternarysemiring (or) null Ternarysemiring.

Ex 2.7:Let0€ TS R and |T| > 2 and I be the any non-empty

set. Then T with the usual addition and the ternary operation
defined by xyz = x if x = y = z and xyz = 0 otherwise is a
Ternarysemiring with 0.
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Def 2.8: A Ternarysemiring U is known as a strict
Ternarysemiring or zero sum Ilree provided a + b = 0 implies a
=0and b =0.

Ex 2.9: The set Z is a strict Ternarysemiring.

Def 2.10: A Ternarysemiring T is said to be zero divisor Ilree
(ZDF) iffor a, b, c € T, [abc] =0 implies thata=0o0r b =0
orc=0.

Def 2.11: A ternarysemiring U is said to be semi-subtractive if
for any elements a; b € T; there is always some x € T for some
y€Usuchthata+y=borb+x=a

Def 2.12: A Ternarysemiring U is called a half ring if the
additive cancellation law holds on T, i.e. if [+ y=y+tu=[=

u for all y, [, u € U. The set of all cancellable elements are
denoted by K*(U).

Def 2.13: A ternarysemiring U is known as multiplicatively lelt
(resp. lateral, right) cancellative (MLC) (resp. MLLC, MRC)
if abl = abu (resp. alb = aub, lab = uab) implies that
I=uforalla, b, [, u € U. A Ternarysemiring U is known as be
maultiplicatively cancellative (MC) if it is (MLC), (MRC) &
(MLLC).

Complemented Elements

Def 3.1: A lrame as frame is a complete lattice in which meets
distribute over arbitrary loins

Example 3.2: If B={O , I} . Note that the algebraic structure
of B is not the same as that of the field z/ (2) since 1+1 =1 in
B, whereas 1+ 1 =0 in z /(2). The Ternarysemiring B is called
the Boolean Ternarysemiring.

Th 3.3 |: The following conditions on a Ternarysemiring U
are equivalent.

1. Uis simple

[=lur+lul+lrl1+IVIureR
3. I=uwrl+ull +7vl[1 +IV ] u reR
4. lur=1lur+lIsutr V9 u r s, reR

L

Def 3.4: If p, g € U then p is well inside g, denoted by p < ¢,
iff3reUsppr=prp=rpp=0& rtq=1.

In any Ternarysemiring Uwe have 0 <0 & r< 1 Vre U If U
is a simple Ternarysemiring then we observe that 0 < ¢ for
any element ¢ € U If r € CU then
r < q implies that ssr < g V s € U.

Th 3.5: If p, ¢ € U such that p < ¢, then ppg = pqp = qpp =
ppl. Further, if U is simple > p + g =g¢.

Prool: Here,p <q,3reUB ppr=prp=1mpp=0& r+q=1.
Hence ppl = pp(r + q) = ppr + ppq = ppq. Similarly pgp = ppl
and gpp = ppl. Now can consider that U is simple. Then by
the Th 3.3, we get p + ¢ = p(r + q)(r + q) + q = prr + prq + pqr
+tpaq+q=prq+pqr+(pq+1)q= prq+prq+q=prq =+ (pr
tDg=prq+q=@r+1g=q.

Def 3.6: An element » € U is said to be complemented iff r <
r. That is r is complemented iff there exist an element p such
that rrp = rpr = prr =0, r + p = 1. The element p of U is
complement of » of U. Suppose » has complement implies it is
unique. Suppose » is a complement element then 7t is the
complement of 7. The complemented elements in

Ternarysemiring U is denoted by comp(U). Comp(U) # @
because 0 € comp(U) and 0+ = 1. If comp(U) = {0, 1} the
comp(U) is known as integral.

Example 3.7: The ternary semi-ring (I, max, min) is an
integral. Here, comp(U) € I"(U) because / = /11 = I(I + I*)({ +
Yy =P+ [l + (14 + [[414 = PP . If [ € comp (U) and construct
lcg=1+1g+Hgl+'gg. Observethat/ = [L=/]+ ]t
LA L= L A=) A
L) =1+ I+ 1) =1V /€ comp(U). Further/+g=1,
then L =1L+ g)(l+g) =1+ tg+ tgl+ ['gg =[tig+ I'gl
+Hgg solcg=I1+1tg+lgl+ligg=1+It=1.

Th 3.8: If U is a zero sum free Ternarysemiring and if /, g,
h € comp(U) then,

(1) Igltgl =0 (ii) llg and I = g € comp(U) (iii) llg =

Igl = gll.
Prool: (i) Igltgl + Igilt gl = I(g + gL ( g + gb)l = [[4] = 0.
Since U is zero sum free Ternarysemiring and hence /g/tg/ = 0.

(ii) First we prove that (I = g)t = [t[igl + [Lgl/L +
[Lglgl_
For this (/ & g) + IHltgt + [Lgllt + [iglgl
=]+ [L]g + ]J_g[ + [ng + ]J_[LgJ_ + ]J_gJ_[L + [Lglgl
[+ H(lg+ I'gh) + (gl + g*1*) + (gg + g*gY)]
=I+H1+1+1]=I+r+ L+ =1+ + L=
1+H=1.
Also, by condition (i), ({=g) (/= g) Hitgt + Lgllt + [iglgl
=+ Mg+ gl + Hgo)( 1+ tg+ gl +
Itgo)( ILitgt + [Lgtlt + [Lgigh)=0.
Similarly, (/= g)( Lltgt + Lgtlt + tgigl) (I g) = ([tHgt
+ o Mgt + Hegh) (= g (&= g
=0. Therefore, (/ = g) € comp(U).
Finally, we prove that (/lg)t = [t = gt = [+ + [ltgt + [gl]t +
lgtgt.
Here, llg + It © gl = llg + [+ + [Itgl + [gt]t + [glgl =] (Ig +
[Lgl.l,_ ]J_gJ_ + glgl) + /L
=[+/1t=1.
And (llg) (lig)( It =gb) = (lg)(lg)( L+ [Lgl + [gtit + [glgl)
= 0 by condition (i).
Similarly, we can show that (lig)( I* = gt) (llg) = ( I+ = gb)
(llg) (llg)=0.
(iii) By condition (i), /gltgl = 0 = [*glgl* hence, lig =
Hg(l+ IM)( 1+ L) = ligll + ligllt + llg 1] + lig [+ [+
= ligll = llgll + Itigll = (I + [1) Igll = Igll = Igll +
lgllt = lgl(I + 1Y) = Igl.

Similarly, /lg = gll and hence llg = Igl = gli.

Th 3.9: Let U be the zero sum free, then

If/, g € comp(U) then / + g € comp(U);

1+ 1 € comp(U);

comp(U) € I'(U);

(comp(U), +, [ ]) is a ternary sub semi ring of U are
equivalent.

b

Prool: (1) implies (2) is obvious.

(2) implies (3): Let / € com(U), then by condition (2) / + / €
com(U) and construct g = (/ + [)L. By Th 3.6, we get lig + lig =
I(l+ Dg=(+ DI+ DO and hence since U is zero sum free,
therefore, /lg =0. Similarly, /gl = gll = 0. Therefore, /= 1I1 =
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(+1+Il+1+g)=P+P+lg+P+T+lg+gll+gll+glg
=l+Il+1+l+glg=I1+1+1+I+({+DHI+DL=1+]+1+]
Now if / € I'(U) then [ # [+ [ # [+ [+ [ + [ implies that / €
I'(U). Therefore, comp(U) € I'(U).

(1) implies (4) and (4) implies (1) is obvious by 3.7(2).

Th 3.10: Let U is zero sum free Ternarysemiring then the
order relation < defined as / < g iff 3/, k € comp(U) 5/ =
lkg is a reflexive and transitive relations on U.

Prool: Obviously / <[V /€ U, here /= 11]. Supposel/<g,g<
himplies 3/, k, [, m € comp(U) 3 [ = lkg, g = Imh. Therefore, /
= lklmh = | < h.

Def 3.11: Construct the set W(U)={l€ U /ifu € U then3I w
eU3!/+w=uoru+w=1[}, where U is a Ternarysemiring. If
U = W(U), then the ternary semiring U is known as yoked
ternary semiring.

Example 3.12: The sets of all natural numbers N and the set of
+ve rational numbers Q" are yoked Ternarysemirings. The set
of real numbers R with unique minimal and maximal elements
0, 1 respectively is a totally ordered, then (R, max, min) is a
yoked ternary semiring.

Def 3.13: Let u : X — U where @ # X € U known as the
domain of u & expressed as dom(u) also let V the set of all
such functions, /4, / € V then & + [ is a function domain of
dom(h) N dom(l) defined as e = h(e) + I(e) and hlk defined in
the same domain as e = Ah(e)l(e)k(e) & (V, +, [ ]) is a ternary
semiring. The +ve identity in which the function e = 0 and [
Jve identity in which the function e = 1 with domain U.
Further, we observe that if # € V & if — & € V is the function
from dom(h) — U expressed as e - - h(e) hence — /4 is the +ve
inverse of 4 only if dom(h) = U. Therefore, M(U) = {h € V /
dom(h) = U} where M(U) is the set of all +ve inverses of U.

Th 3.14: Suppose A, B & C ternary sub hemi rings of a
yoked Ternarysemiring U such that ABC € M(U) then
either A* €M(U) or B® € M(U) or C* € M(U).

Proof: Suppose, A*, B> € M(U). Then3 u, v, wE A, x, , z €
Bauww & MU) & xyz &€ M(U). Letp, g, reC,3s,teUDu
+x+s=p,v+y+t=gqthen uvw + xyz + vys + wzt = vyp +
wzq € ABC < M(U), therefore, uvw, xyz € M(U) which is a
contradiction. Here, U is yoked Ternarysemiring. Therefore,
there must exists s, tE U u=x+ts+p &v=y+it+gq. But
uqr = xqr + sqr + pgr & wvr = wyr + wtr + wqr € ABC €
M(U). Therefore, pgr € M(U) = C* € M(U).

CONCLUSION
Here, we mainly studied about complements of Ternarysemirings.
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