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Firstly, this paper uses the Gell-Mann matrices to construct 4-member unextendible maximally
entangled basis in C? ®C? , whose construction is different from those in literatures, then adds two
product states to make it complete. Finally, by changing the basis of C3 , this paper constructs a pair

of mutually unbiased unextendible maximally entangled bases C2 ®C3 .
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INTRODUCTION

Quantum entanglement is a basic phenomenon of quantum
physics, which plays a very important role in quantum
information processing, there has been extensive research in

recent years [1-3]. A state |y) is said to be a C? ®C?
maximally entangled state [4] if and only if for an arbitrary given
orthonormal complete basis{| |A>} of the subsystem A, there

exist an orthonormal basis{| iB>}Of the subsystem B such that

. 1 d-1, . .
|w) can be written as | /) = ﬁZi“)' in®|is) .
The unextendible maximally entangled bases (UMEB)was
cd! ,
studied in arbitrary bipartite spaces C* ® C* (E <d<d"

in [5], and two mutually unbiased complete UMEBs were
constructed. Multi pairs of mutually unbiased UMEB in

C?>®C?® were studied [6-9]. The method of systematically
constructing mutually unbiased unextendible maximally
entangled basestMUUMEBS) was given in [10]. All the above
MUUMEBs was constructed with the help of Bell basis and
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Pauli matrix, while this paper will construct MUUMEBS using
3% 3 Gell-Mann matrices.

UMEB in C2®C?®

d
Definition 1. [11] Two orthogonal bases 13 = {| %>}i:1

d
and 5, :{| l//j>}j:10f CY are called mutually unbiased if

Ko w:% (a<i, j<d)

A set of orthonormal bases {3,[32,...,3“} in C% is
said to be a set of mutually unbiased bases (MUBS) if every pair
of B and B; (1<1# j<m) in the set is mutually unbiased.
Definition2. [5] A set of states
{lpyeC'®C(d<d):i=12-..n,n<dd?}

is called an N -number UMEB if it satisfies the following
conditions:

1. |¢|> ,i =1, 2,---, N are all maximally entangled;
2. (@l =9
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3. If{@ |w)=0forall i=12...,n, then | ) cannot

be maximally entangled.

Gell-Mann matrices a basic representation of infinitesimal
generators SU(3) groups, which is a set of linearly independent
3x 3 untracked Hermitian matrices, it was used to study strong
interactions in particle physics. Specifically, there are 8 Gell-
Mann matrices as follows:

010 0 -i 0
H,=[1 0 0| H,=[i 0 0},
000 000
1 0 0 001
H,=|0 -1 0| H,=/0 0 0
000 100
00 -i 000
H,=/0 0 0] H,=[0 0 1],
i 0 010
00 0 (oo
H,=|0 0 —i| Hy=—1|0 1 0
0i 0 Blo o -2

First, we construct UMEB in C? ® C? using Gell-Mann
matrices. Let{| 0),|D}{|0",|1,| 2"} are the orthonormal

bases in C? and C?® respectively, and suppose that

L (J00"+|11")) . Consider the following four

| (DO> - \/E
maximally entangled states in C* ® C?:

) =(1®H)|¢,) (1=01273) 1)
where |, denotes the 2x2 identity matrix, H, stands for the

3x3 identity matrix, H;,H,,H, are the first three Gell-

Mann matrices.
Theorem 1 The four states in equation (1) constitute a 4-number

UMEB inC? ®C?2.
Proof. Obviously, the four states in C> ®C? are maximally
entangled and mutually orthonormal. We should prove that if

there exists state | /) such that (¢ |w)=0(1=0,12,3),
then |l,V> must not be maximally entangled.

If| W) is an entangled states, |l//> must have the following
Schmidt decomposition:

ly)=(U ®V)(4 009+ 4 [11))
where 4, >0,4 >0, 4 +A4*=1; U and V are the
following unitary operators,

u u
U :(uij)2x2 :[ . 12)

u21 uzz

Vit Vip Vi
V= (Vij)3><3 =|Va V22 Vy
Var Vg Vg

From{¢g, | ) =0 we get that

o:%«oomr DU BV)(, 00+ 2 119) )

:%(O\U\OXO'\VHO\OH O[O NH L)+ o (1\U\0><1NH0\0>+ T AUBANH, L)

Similarly, we can derive the following equations from

(@ |w)=0(1=12,3) respectively,

=%(<00' [+ (I ®H,)(U ®V)(4, 1007+ 4 [117)

®)

<o\u\o><o NH,[0)+ 2 o VH, 1)+ 22 o NH,[0)+ 2 J5AUUDEVHL

(4)
0 zﬁ«oo' [+HLL NI ®H,)(U ®V)(% [00) + 4 |11))
=%<0\U\O)(O'\VH2\O>+ (Ou]1x0" \VH2\1>+ <1\u\o><1 NHZ\0>+ <1\u\1><1 VH,[1)
) ®)

0=ﬁ(<00'\+<11'l)(| ®H;)(U ®V)(400)+4 |119)

~t (0JU|0XO'\VH, \o>+

-5 <o\u\1><o VH,|L) +22

<1\u\o><1 VH, \o>+ <1\u\1><1 VH,|1)

Simplify the equations (2), (3), (4) and (5) as follows,

Zounvn + AUV, + 20“21\/21 + AUx,Vy, =0
ﬂOUZlvll + ﬂlu22vl2 + 20u11V21 + ﬂlu12v22 =0

(6)
/’{Ou21V11 + 21usz12 - ;loullv21 - Alu12V22 =0
;{Oullvll + ﬂ1u12V12 - ﬂ0u21V21 - 21”22\/22 =0
Obviously, the equations (6) can be expressed as:
U, U, U, Uy 4 iy 0
Uy Up Uy Uy z Viz |2 0 @)
Uy Uy —U; —Up Ao V21 O
U, Uy, —Uy —Uy ﬂi V22 0
U MU \(W
Suppose A= :
MU -MU W
Vi
01 V.
where W = % M = =| |,
A 1 0) V,,
Voo
then equation (7) can be expressed as
Av=0. 8
Since
det(A) =
MU U w
U MU
=lo [VV| =410° A2*(detU)? =0,

then equation (8) onIy has zero solution V=0, i.e
Vy, =V, =V, =V,, =0, Thus,
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vii vz vl [0 0 wvis
det(V)=|va vz vzs=|0 0 vz3=0,thatisto
V31 V32 V33| |V31 V32 V33

say, V is not an unitary matrix, which contradicts the hypothesis.
Therefore, | %) must not be an entangled state.
To sum up, the four states in (1) constitute a 4-number

UMEB inC2®C3.
MUUMEBs inC? ® C®

Add the following two product states to equation (1), we
can get a complete UMEB in C* ®C?:

1 a3
o) =5102)+-112)

V3 w1,
|5 ==-102)+512)

©)

Let {|x'>,|y'>,| Z')} be another orthonormal basis in C*

1++/3i

and

1) +i[27)

|x'>=}(|0'>

f+'|0>+n|1>+|2>)

|y’ = f
N PR 1+J_|
|Z>—\/§(II0> i1+

where i =+/—1.

Using the method in Section 2, we can get another UMEB
inC*®C?,

1 , -
i) =5 (1OH)(0x)+[1y), }=01.2.3

lw,) = J—(l+j_ : '+£Ilz'>), (10)

1 B-i l+\/_|
lWs) = \/—(

Using Definition 1, it is easily to verify that the above two
UMEBs(9)and(10)are mutually unbiased.

——129)

0z)+ =0 12),

CONCLUSION

In this paper, we extended the construction of UMEB in [5],

and give a new construction of UMEB in C2®C? . This
method makes it possible to construct UMEB of arbitrary
bipartite system with higher dimensions by using Gell-Mann
matrices.
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