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INTRODUCTION

A triple (X, 7;,r;) where X is a non-empty set and 7; and ;
aretopologies in X is called a bitopological space and Kelly[7]
initiated the study of such spaces. Levine [10] introduced the
class of generalized closed sets, a super class of closed setsin
1970. In 1985,Fukutake] 3] introduced the concepts of g-closed
sets in bitopological spaces. Veerakumar[18] introduced and
studied the concepts of g*-closed sets and g*-continuity in
topological spaces. Sheik John and Sundaram[15] introduced
and studied the concepts of g*-closed sets in bitopological
spaces in 2002.Pauline Mary Helen, et.al[14] introduced g**-
closed sets in topological spaces in 2012.In this paper we
introduce the concepts of (i,j)-o0**-closed sets, (i,j)- To**
spaces, (i,j)- agTa** spaces,(i,j)- gsTa** spaces, (i,j) - gTa**
spaces, (i,j)- gspTo** spaces,(i,j)- gpTo** spaces,(i,j)-
gprTa** spaces in bitopological spaces and investigate some
of their properties.

Preliminaries
Definition
A subset A of atopologica space (X,t) issaid to be

1. a pre-open set[11] if Acint(cl(A)) and a pre-closed
set if cl(int(A)) €A

2. asemi-open set [9] if Ac cl(int(A)) and a semi-closed
set if int(cl(A)) €A

3. aregular open set[11] if A=int(cl(A))

4. ageneralized closed set[10] (briefly g-closed) if cl(A)
€ U whenever A € U and U isopenin (X,1).

5. an o-open set [12] if A cCint(cl(int(A))) and an a-
closed set if cl(int(cl(A))) € A

6. asemi-preopen set[1] if A < cl(int(cl(A))) and a semi
— preclosed set if int(cl(int(A))) € A.

7. an a*-closed set [19] if cl(A) € U whenever A € U
and U is o-openin (X,7).

If A isasubset of X with topology t,then the closure of A is
denoted by 7-cl(A) or cl(A),the interior of A is denoted by -

* Corresponding author: M. Pauline Mary Helen

int(A) or int(A) and the complement of A in X is denoted by
A°,

For a subset A of(X, 1;, 1;), 7;-cl(A)(resp. 7; -int(A)) denotes
the closure (resp.interior)of A with respect to the topology t;.

Definition
A subset A of atopological space (X, t;, 7;) iscaled

1. (i,j) —g-closed[3] if 7;-cl(A) S U whenever AC U and U
isopenint;.

2. (i,j) —rg-closed [13] if 7;-cl(A) < U whenever AC U and
U isregular openin ;.

3. (i,j) —gpr-closed [9] if 7;-pcl(A) € U whenever AC U and
U isregular openin ;.

4. (i,j) —wg-closed [4] if 7;~cl(7; —int(A)) S U whenever Ac
Uand U isopenin ;.

5. (i,j) —w-closed [6] if 7;-cl(A) S U whenever A €U and U
issemi openin t; .

6. (i,j)-gs-closed|17] if 7;-scl(A) < U whenever Ac U and
Uisopeninrt;.

7. (i,j)-gsp-closed|2] if 7;-spcl(A) € U whenever AC U and
Uisopeninrt;.

8. (i,))-ag-closed|17] if 7;-acl(A) < U whenever AC U and
Uisopenint;.

9. (i,))- ga-closed|8]if 7;-acl(A) € U whenever AC U and U
isa-openint;.

10. (i,j) — g*-closed |15]if 7;-cl(A) © U whenever A €U and
Uisg-openint;.

11.(i)j) — e*-closed|20] if 7;-cl(A) € U whenever A €U and
Uisa-openint;.

Definition
A bitopological space (X, 7;, 7;) iscalled
1. an (i,j)-T, ;space{3] If every (i,j)-g-closed set is ;-
closed.

2. an (i,j)- Tyspace [17] if every (i,j)-gs-closed set is ;-
closed.
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3. an (i,)- Tyspace [17] if every (i,j)-gs-closed set is
(i,))-g-closed.

4. an (ij)- , Tyspace [3] if every (i,j)-0g-closed set is
(i,j)-g-closed.
5. an(ij)- o Tpspace[l7] if every (i,j)-0g-closed set is
7; —Closed.
(i, - a** closed sets
Definition

A subset A of atopological space (X, 7;, 7;) issaid to be an (i,
j)- a** closed set if 7; - cl(A) € U whenever ACU and U is
o* opanin ;.

We denote the family of al (i, j)- @** closed setsin(X, ;, t;)
by a**C( i, j).

Remark

By setting 7; = 1; in definition (3.1), an (i, j)- a** closed set
isa** closed set.

Proposition

Every 1; — closed subset of (X, 7;, ;) is(i, ) - a** closed.

The converse of the above proposition is not true as shown in
the following exarrple.

Example

Let X ={a b, c}, 7, = {9, c} {a ¢}, X}, 72 = {0, {a}, X}.
Theset A ={b} is (1, 2) - a** closed but not 7,- closed.

Proposition

If Ais (i, j) - a** closed and t; - @* open, then A is 1; -
closed.

Corollary

If Alis (i, j) - @** closed and 7; - a* open, then A'is 7; - «
closed.

Corollary

If Alis (i, j) - a** closed and 7; - a* open, then A is 1; - a*
closed.

Theorem

Every (i, j) - a** closed setis (i, j) — g closed.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X = {a b, ¢}, 7, = {0, {c}, {a, b}, X}, 7, = {0, {a},
X}.Theset A ={a c} is (1, 2) - gclosed but not (1, 2) - a**
closed.

Theorem

Every (i, j) - a** closed setis(i, j) — rg closed.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢}, 7; = {9, {a}, X}, 7, = {9, {a}, {a, b}, X}.
Thesat A ={a}is(l, 2) - rg closed but not (1, 2) - a** closed.

Theorem
Every (i, j) - a** closed setis (i, j) — gpr closed.

The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢}, 7, = {0, {c}, {a b}, X}, 7, ={o, {a}, X}.
The set A = {b} is (1, 2) - gpr closed but not (1, 2) - a**
closed.

Theorem

Every (i, j) - a** closed setis (i, j) — wg closed.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢}, ; = {0, {c}, {a b}, X}, 7, ={o, {a}, X}.
The set A = {&a is (L, 2) - wg closed but not (1, 2) - a**
closed.

Theorem

Every (i, j) - a** closed setis(i, j) — gs closed.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, c}, 7, = {9, {c} {a, b}, X}, 7, =40, {a}, X}.
Theset A ={b} is(l, 2) - gsclosed but not (1, 2) - a** closed.
Theorem

Every (i, j) - a** closed setis (i, j) — gp closed.

The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, c}, 7; = {9, {c}, {a, b}, X}, 7, = {, {a}, X}.
The set A = {b} is (1, 2) - gp closed but not (1, 2) - a**
closed.

Theorem

Every (i, j) - a** closed setis (i, j) — ag closed.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢}, 7; = {0, {c}, {a, b}, X}, 7 = {o. {a}, X}.
The set A ={a, ¢} is (1, 2) - ag closed but not (1, 2) - a**
closed.

Theorem

Every (i, j) - a** closed setis (i, j) — gsp closed.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X = {a, b! C}1 Tl . {(pl {C}1 {a! C}, X}, TZ ={(P, {a}! X}
The set A = {c} is (L, 2) - gsp closed but not (1, 2) - a**
closed.

Remark
(i, ]) - e** closedness isindependent of (i, j) — ga closedness.

Exampre

Let X = {av bv C}! Tl . {(pl {a}1 X}, TZ = {(pl {a}! {a! b}, x}
The set A = {a b} is (1, 2) — a** closed but not (1, 2) - ga
closed.
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Example

Let X ={a b, c}, 7; ={0.{a, b}, X}, 7, = {0, {a}, X}. The set
A ={b} is(1, 2) - gu closed but not (1, 2) - a** closed.

Remark

(i, ]) - e¢** closedness isindependent of (i, j) — w closedness.

Example

Let X = {av bv C}! Tl N {(pl {a}, {b}’ {a, b}', X}, TZ = {(pl {a}7
{a b}, X}. Theset A = {a c} is(1, 2) - a** closed but not (1,
2) - w closed.

Example

Let X = {a, b! C}1 Tl N {(pv {C}, {a1 b}, X}, TZ = {(pv {a}, X}'
The set A = {a ¢} is (1, 2) - w closed but not (1, 2) - a**
closed.

Theorem

If A,B € a**C(i, j), then (AUB) € a**C(i, j)

Remark

The intersection of two (i, j) - a** closed sets need not be (i, j)
- a** closed.

Example

Let X ={a b, ¢}, 7; = {9, {a}, X}, 7, = [0, {a}, {a, b}, X}
Let A={a b} and B={a c}. Thesets A and B are (1, 2) -
a** closed but ANB ={a} isnot (1, 2) - a** closed.

Remark

a**C(1, 2) is generally not equal to a**C(2, 1)

Example

Let X ={g, b, ¢}, 7, =40, {c}, {a, c}, X}, 72 ={o. {a}, X}.

The set A ={c} & a**C(1, 2) but A = {c} € a**C(2, 1).
Therefore, a**C(2, 1) # a**C(1, 2).

Theorem
If Alis (i, j) - a** closed, then 7; — cl(A)\ A contains no non-
empty 7; — 0* - closed set.

The converse of the above theorem is not true as shown in
the following example

Example

Let X ={e, b, ¢}, 71 = {o, {b}, {c}, {b, ¢}, {a. ¢}, X}, 7, =
fo, {a}, {b, c}, X3. The set A = {b} is not (1, 2) - a** closed.
7, — Cl(A)\ A = {b, c}\{b} ={c} whichisnot t;- a - closed.
Therefore, 7, — cl(A)\ A contains no non-empty 7,- o — closed
setand A = {b} isnot (1, 2) — a** closed.

Theorem

If Ais(i, j) - a** closed in (X, 14, 7;), then A is 7; — closed if

and only if 7; — cl(A)\ A is ; — 0* - closed.
Theorem

If Aisan (i, j) - a** closed set of (X, 7;, 7;) suchthat A € B
Crt; —- cl(A), then Bisaso an (i, j) - a** closed set of (X, 7;,
7;)

Theorem
For each element “x” of (X, 7;, 7;). {x} iseither t; —
o*-closed or X - {x} is(i, j) - a** closed

Theorem

Every (i, ) - g* closed set is (i, j) - a** closed.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X = {av bv C}! Tl . {(pl {a}'! X}, TZ = {(pl {a}! {a! b}, x}
The set A = {b} is (1, 2) - a*" closed but not (1, 2) - g*
closed.

Remark
(i, ]) - e** closedness isindependent of (i, j) - a* closedness.
Exampie

Let X = {a, bv C}: Tl - {(P, {a}, X}, TZ :{(pl {a}! {a! b}, X}
The set A = {b} is (1, 2) - a** closed but not (1, 2) - a*
closed.

Example

Let X ={a b, ¢}, 1, = {0, {c}, {a b}, X}, 7, ={o, {a}, X}.
The set A = {a c} is (1, 2) — a* closed but not (1, 2) - a**
closed.

The following figure gives the results we have proved.

; ‘::‘ (i) - o closed

i \.
i it
I e
e R
T T
A I

Hesed =7~ Doepoosests Aimgies D ond & e D oegoeseats & doss ey 0

Applicationsof (i,j)- a** closed sets

As applications of (i,]) - a** closed sets, we introduce seven
new bitopological spaces, namely, (i, j) - T, ** space, (i, j) -
ag TE(** space, (i, J) T gs Ta** Space, {1, J) ] Tr:r** space,
(i, J) - gsp Ta™ space, (i, J) - gp To™* space and (i, j) -
gor To** space.

We introduce the following definitions.

Definition

A bitopological space (X, ;, 7;) is s¢id to be an (i, J) - T,**
space, if every (i, j) - a** closed set ist; — closed.

Definition
A bitopological space (X, t;, 7;) is said to be an (i, j) -

ag  Ta™* space, if every(i, j) — ag closed set is (i, j) - a**
closed.
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Definition

A bitopological space (X, 1;, 7;) is sad to be an (i, j) -
gs Te™* space, if every(i, j) — gs closed set is (i, j) - a**
closed.

Definition

A bitopological space (X, 7;, 1;) is sad to be an (i, j) -
g To** space, if every(i, j) — g closed set is (i, j) - a**
closed.

Definition

A bitopological space (X, 1, 7;) is sad to be an (i, j) -
gsp  Te™* space, if every(i, j) —gep closed setis (i, j) - a**
cloged.

Definition

A bitopological space (X, t;, 7;) is sad to be an (i, j) -
gp To™* space, if every(i, j) — gp closed setis (i, j) - a**
closed.

Definition

A bitopological space (X, 1;, 7;) is sad to be an (i, j) -
gpr  Ta™* space, if every(i, j) — gpr closed set is (i, j) - a**
closed.

Theorem

Every (i, j) - Ty, spaceisan (i, ) - T, ** space.
The converse of the above theorerr. is not true as shown in the
following example.

Example

Let X = {a, b, ¢}, 7, = {9, {c}, {a, b}, X}, 7, = {o, {a}. X}.
Here al the (1, 2) ~ a** closed sets are t,-closed. -~ (X, 74, Ty)
isan(1,2)-T,** space. Theset A = {a, ¢} is(1, 2) —g closed
but not 7,- closed. Hence (X, ;. 73) isnot a(l, 2)- Ty,
space.

Theorem

Every (i, ) - T, spaceisan (i, j) - T, ** space.

The converse of the above theorem is not true as shown in the
following example.

Example

Let X = {a, b, ¢}, 7, = {g, {c}. {a, b}, X}, 72 ={e. {a}, X}.
Here al the (1, 2) ~ a** closed sets are t,-closed. -~ (X, 14, 73)
isan (1, 2) - T,** space. The set A = {b} is(1, 2) —gs closed
but not 7,- closed. Hence (X, 7;.73) isnota(l, 2)- T}, space.

Theorem

A spacewhichisboth (i, j) - o Tqand (i,)) - Ty p isan (i, J) -
T, ** space.

Theorem

Every (i,j) - o Ty spaceisan (i, ]) - T, ** space.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, c}, 7, = {g, {c}, {a, b}, X}, 72 = {o. {a}. X}.
Here al the (1, 2) ~ a** closed sets are t,-closed. -~ (X, 71, 73)

isan (1, 2) - T,** space. Theset A = {b} is (1, 2) —ag closed
but not 7,- closed. Hence (X, 74, 75) isnota(l, 2)-, Ty
space.

Theorem

Every (i, ) - T spaceisan (i, j) - ¢ T,** space.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢}, 7, = {9, {a}, X}, 12 = {0, {a}, {a, b}, X}.
Here every (1,2) — gs closed setis (1, 2) - a** closed. - (X, 14,
1) isa(l,2) - ;¢ T,** space. Theset A ={b} is(1, 2) —gs
closed but not 7,- closed. Hence (X, 1,.7;) isnota(l, 2)-T,
space.

Theorem
Every (i,]) - « Tpspaceisan(i,]) - oy T,** space.

The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, c}, 1, = {0, {a}, X}, 12 = {0, [a}, {a, b}, X}.
Here every (1,2) — og closed set is (1, 2) - a** closed. -~ (X,
7y, T2) isa(l,2) - 4 T,** space. Theset A ={b} is(l,2)-
ag closed but not 7,- closed. Hence (X, 74, 73) isnot a(l, 2)-
« T, space.

Theorem

Every (i,]) - Ty 2 spaceisan (i, ]) - 4 T,** space.

The converse of the above theorem is not true as shown in the
following example.

Example

Let X = {a, b, C"., TI = {(pl {a}1 X}, TZ = {(p's {a}! {a! b}, X}
Here every (1, 2) — g closed set is (1, 2) - a** closed. - (X, 74,
1) isa(l,2)- 4, T,** space. Theset A= {b}is(l,2) g
closed but not 7,- closed. Hence (X, 7,, 7,) isnot a(l, 2)-
T, sz space.

Theorem

A spaceisboth (i, j) - , T,** spaceand (i, j) - T,** space if
andonly if itis an (i, j) - Ty s, space.

Theorem

A space (X, 1;, T;) Whichis both (i, j) - oo T,** space and (i,
j) - T, ** space is an (i, ) - T, space.

Theorem

A space (X, 14, ;) whichis both (i, j) - o4 T, ** space and (i,
j) - T,** spaceisan (i,j) - o T, space.

Theorem

Every (i,)) - g To™* spaceisan(i,j)- 4 T,** space.
The converse of the above theorem is not true as shown in the
following example.
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Example

Let X ={a b, c}, 7, = {9, {c}, {a c}, X}, 7, = {o. {a}, X}.
Here every (1, 2) — g closed set is (1, 2) - a** closed. . (X, 74,
) isa(1,2)- , T,** space. Theset A ={c} is (1,2) —ag
closed but not (1, 2) - a** closed. Hence (X, t,, 75) isnota
(1,2)-qg T,** space.

Theorem

Every (i,]) - gs To™* spaceisan(i,j)- 4 T,** space.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢, 7, = {9, {c}, {a c}, X}, 7, = {o. {a}, X}.
Here every (1, 2) - g closed setis (1, 2) - a** closed. - (X, 74,
1) isa(1,2)- , T,** space. Theset A ={c} is (I,2) —gs
closed but not (1, 2) - a** closed. Hence (X, 14, 75) isnota
(1,2)-gs To** space.

Theorem

Every (i,)) - gp To** spaceisan(i,j) - 4 To** space.
The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢}, 7, = {9, {c}, {a c}, X}, 7, = {0, {a}, X}.
Here every (1, 2) - g closed setis (1, 2) - a** closed. . (X, 74,
1) isa(l,2)- 4 T,** space. Theset A ={c} is(l,2) -gp
closed but not (1, 2) - a** closed. Hence (X, t,, 75) isnota
(1,2)-4p Ty** space.

Theorem

Every (i,)) - gsp Te™* spaceisan(i,j)- 4 T,** space.

The converse of the above theorem is not true as shown in the
following example.

Example

Let X ={a b, ¢}, 7, = {o, {c}, {a c}, X}, 7, = {9, {a}, X}.
Here every (1, 2) — g closed setis (1, 2) - a** closed. -~ (X, 74,
1;) isa(1,2)- 4 T,** space. Theset A ={c} is(l,2)—gcsp
closed but not (1, 2) - a** closed. Hence (X, 7,, 7,) isnot a
(1, 2)-45p T,** space.

Theorem

Every (i,]) - gpr To™* spaceisan(i,j)- 4 T,** space.
The converse of the ahove theorem is not true as shown in the
following example.

Example

Let x = {a1 bl C}’ Tl = {(pi {C}l {av C}1 X}'! TZ = {(\D- {a}l X}'
Here every (1, 2) — g closed setis (1, 2) - a** closed. -~ (X, 74,
;) isa(l,2)- , T,** space. Theset A ={&} is (1,2) - gpr
closed but not (1, 2) - a** closed. Hence (X, 7,, 7,) isnot a
(L, 2)-gpr To™* space.

Theorem

A space which is both (i, j) - T4 and (i, j) - Tysp is an (i, j) -
gs Ta™* space.

Theorem

A space which is both (i, j) - T4 and (i, j) - Ty 2 isan (i, j) -
T, ** space.

Theorem

Every (i,)) - gs To** spaceisan (i, j) - Ty space.
Theorem

A space is both (i, j) - T4 space and (i, j) - 4 T,** space if
andonly ifitisan (i, ) ~ 4o T,** space.

Theorem
Every (i,]) - g To™* spaceisan(i,j) -, Ty space.
Theorem

A spaceisboth (i, j) - o Ty space and (i, j) - , T,** space
ifandonly ifitisan (i, j) - g To** space.

The following figure gives the results we have proved.

ij)-gpeTo® Lf)- gpTe* - gTo* —a'_ -
X N4
m \'—I\ 2 T \Zi
G- polo® [ 7)ol *r—_; - Tz 1 ij-T
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3 S, T
o
\\/K-\ —
i '\._ TORE . _ .\ i E
iifi-oTd 4,{——'“]’ S “:‘ - iLp-olt e lljl:il-T&n
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