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The Middle graph of a graphG, denoted by M(G) ,is a graph whose vertex set is
V(G)UE(G),and two vertices are adjacent if they are adjacent edges of G or oneis a
vertex and other is a edge incident with it . A set S of vertices of graph M(G) isan
independent dominating set of M(G) if S is an independent set and every vertex not
in Sis adjacent to a vertex inS. The independent middle domination number of G,
denoted by iM(G) is the minimum cardinality of an independent dominating set

In this paper many bounds on iM(G) were obtained in terms of the vertices ,edges
and other different parameters of G and not in terms of the elements of M(G).Further

itsrelation with other differen: domination parameters are also obtained.

© Copy Right. IJRSR, 2014, Academic Journals. All rights reserved.

INTRODUCTION

In this paper, all the graph considered here are simple, finite,
nontrivial, undirected and connected. The vertex set and edge
set of graph G are denoted by V(G) =p and E(G) =gq
respectively. Terms not defined herc are used in the sense of
Harary [1].

The degree, neighbourhood and closed neighbourhood of a
vertex v in a graph G arc denoted by
deg(v),N(v) ,and N[v] = N(v) U {v} respectively. For a
subset S of V , the graph induced by § € V is denoted by (S).

As usual, the meximum degree of a vertex (edge) in G is
denoted by  A(G)(A'(G)) . For any real number x,

[x]denotes the smallest integer not less than x and |x|denotes
the greater integer not greater than x .

A vertex cover in a graph G is a set of vertices that covers all
the edges of G.The vertex covering number «,(G)is the
minimum cardinality of a vertex cover in G.A set of
verticesledges in a graph G is called independent set if no two
vertices/edges in the set are adjacent. The vertex independence
number B,(G) is the maximum cardinality of an independent
set of vertices. The edge independence number f,(G)of a
graph G is the maximum cardinality of an independent set of
edges.

A Line graph L(G)is a graph whose vertices corresponds to
the edges of G and two vertices in L(G) are adjacent if and
only if the corresponding edges in G are adjacent.

A subdivision of an edge e=uv of a graph G is the
replacement of the edge e by a path (w,v,w). The graph
obtained from a graph G by subdividing each edge of
G exactly once is caled the subdivision graph of G and is
denoted by S(G).

* Corresponding author: Naila Anjum

A set D of graph G = (V, E) is called a dominating set if every
vertex in  V — D is adjacent to some vertex in D . The
domination number y(G) of & is the minimum cardinality
taken over all dominating set of G.

A set F of edgesin agraph G is called an edge dominating set
of G if every edgein E — F is adjacent to at least one edge in
F. The edge domination numbery (G) of a graph G is the
minimum cardinality of an edge dominating set of G . Edge
domination number was studied by S.L.Mitchell and
Hedetniemi in [2].

A dominating set D of a graph G is a strong Split dominating
set if the induced subgraph (V — D) is totaly disconnected
with only two vertices. The Strong Split domination number
¥ss(G) of agraph G is the minimum cardinality of a strong
split dominating set of G. See [4].

A dominating set D of a graph G = (V,E) is & paired
dominating set if the induced subgraph (D) contains at least
one perfect matching. The paired domination number y;, (G )of
agraph G is the minimum cardinality of the paired dominating
set.[4].

A dominating set D of a graph ¢ = (V, E) is an independent
dominating set if the induced subgraph (D) has no edges. The
independent domination number i(G) of a graph G is the
minimum cardinality of an independent dominating set.

Analogously, we define Independent Middle
DominationNumber In Graphs as follows.
A set S of vertices of graph M(G) is an independent
dominating set of M(G) if S is an independent set and every
vertex not in S is adjacent to a vertex in S. The independent
domination number of M(G) , denoted by iy (G) is the
minimum cardinality of an independent dominating set
ofM(G) .
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In this paper many bounds on iy(G) were obtained and
expressed in terms of the vertices ,edges and other different
parameters of G but not in terms of members of M(G) . Also
we establish Independent Middle Domination number in
graphs and express the results with other different domination
parametersof G.

We need the following Theorems:
Theorem A [4]: For any connected graph G,withp = 4,G #
Ky, v5s(G) = ao(G) .

Theorem B [4]: For any connected graph |, L—er_a] <y(G).

Theorem C [5]:For any graph, i[L(G)] < B,(G) .
Theorem D [4]: For any graph G with no isolated vertices
}’p(G) < 2B:(G) .

Theorem E [3]: For any graph G .y[M(G)] = iy(G) , where
M (G) denotes the middle graph ofG .

RESULTS
We list out the exact values of iy, (G)for some standard graphs.
Theorem 1
a. For any path B, with p < 2 vertices
iy(G) = g if pis even.
iu(@) =[2] if pis odd .
b. For any cycle G,
iy(G) 25 if piseven.
15(6) = E] if pisodd .
c. Forany star K, , ,
iy(G)=p—1
d. For any Wheel W,

iy(G) =£2)— if piseven.
iy (G) = E] if pisodd .

Theorem 2: Let G be a connected graph of orderp = 2 ,
theniy (G) = E] y

Proof : Let V(6) = [v1,v2 ..‘.vp} =p and E(G) =
{en €y e} =¢q . Now, by the definition of
middle graph V[M(G)]=p+q .Let D be the minimal
independent dominating set of M(G).Let D; = D nV(G) and
D, =D n [V[M(G)] —V(G)].Now we consider the following
cases....

Case 1: SupposeD, = @ , then D, = V(G) and henceiy (G) =
HE
2

Case 2: Suppose D; = @ .Since each vertex of D dominates
exactly two vertices ofV[M(G)]-D . then it follows
that|V[M(&)] — D] = 2|D| . Hence p +q— |D| <2|D| so

thet |D| = E]

Case 3: Suppose D, and D, are non - empty, since each vertex
of D, dominates exactly two vertices of M(G) , then it follows

that p —|D;| < 2|D,|. Hence p < |Dy| + 2|D,| < 2|D|.Thus
in(6) = DI = [2]

The next Theorem gives the relationship between domination
number of G and iy (G) .

Theorem 3: For any connected graphG, y(G) < iy (G) .

Proof: Let V; = {v;, V5 i cer v e .y} € V(G) be the set of
all the vertices with deg(v;) 22,Vv; €G,1<i<n . Then
there exist a minimal setS € V; , such that [S]=V(G) .
Clearly § forms a minimel dominating set of G with |§| =
y(G) . Now by the definition of M(G) , V[M(G)] =V(G) U
E(G) . Consider a minimal set of vertices D; € V[M(G)] such
that |D;| =y[M(G)] . If {(D;) is totally disconnected,then D,
itself forms the independent dominating set of
M(G) Otherwise ,we consider a set D, = D; UD, ,where
D, €D, and D, € V[M(G)] — Dy,such that for all v; €
(D; UD,),degv; =0 Thus D; UD, is the minimal
independent dominating set of (G) . SinceV(G) < VIM(G)] .
we have|D; U D;| = |S] . Hence y(G) < iy(G) .

Theorem 4:For any non-trivial connected graphG ,iy(G) +
YsIM(@l =p+4q.

Proof: Since iy(G) < By[M(G)]
Also from Theorem Ay [M(G)] = a,[M(G)]
Further iy (G) + ¥ss[M(G)] < Bo[M(G)] + ap[M(G)]
=V[M(G)]
=V(G)VE(G)
=p+q

Henceiy (6) +¥5s[M(&)] <p+q.

Theorem 5: Let G be any connected graph, theniy(G) =
a,(G) .

Proof: Let E; ={e5,€5 v o oo vevevvee oo .. €5} © E(G) be the
minimal set of edges in G such that|E;| = a,(G)
SinceV[M(G)] = V(G) U E(G).let

S =1{81,5,53 e er cve v S} be  the set of vertices
subdividing the edges of G in M(G)Now let S; =
{s1,52,83 i 5} €S, 1€i<k be the vertices
subdividing each edge ¢; € E;(G),1 <i <n.Thus N(5;) =
V(G) and also in M(G) , N(S5,) = V(S —S;).Thus N[S;] =
V(G)UV(S—5,)=V[M(G)] Hence clearly (S§;) forms the
minimal dominating set of M(G),such that |[S;]=
y[M(G)].Further by the Theorem E ,we have y[M(G)] =
iy (G).Thexefore iy (G) =1S,| = |E;|,which gives iy(G) =
a,(G).

Theorem 6: For any
graphK,, iy (Kpn) =n,fornz=m.

complete bipartite

Proof: Let (X,Y) be & bipartition of K, ,,n>m with
|X] = mand|¥| =n. Let X = {Xx;, X3, %3 e v v vee oo o Xy Jand
Y =10 Vo Ve ecisiviome Mg J LY

E, ={xy;/1<i<m,1<j<n} be the independent
edges inK,, ,.Clearly |E;| =min(m,n) =m In M(G) , let
S ={vy,V5, V3 e ceevv e Uy} be the vertices subdividing
each edge of G in M(G).Consider a set §; ={v; /1<i <
k} € § be the vertices subdividing the edges of E;.Clearly S,
is an independent set of vertices in M(G).Now,let V¥, =
{yj-/yj- = N(v;), for each v; € SJ]ACIearIy |Y1| = m. Without
loss of generality,¥, = Y — Y, is an independent set of vertices
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in M(G)Now , N(S))=XUV(S—-5)UY, and hence
N[S; UY,] = V[M(G)].Since (S, UY,) is independent ,thus
the induced sub graph (S; UY,) is a minimal independent
dominating set in M(G).Clearly |S;| =|E;] =m and |¥ —
Y| = n — m.Therefore [S;uYa| =85+ |%l=m+n—
m = n.Hence iy (Ky,,) =nwheren>m.

P_[<iy(6).

1+A(G)
Proof: By Theorem B and also by the Theorem 3,we hewe the
required resuilt.

Theorem 7: For any connected (p, q)graph,[

The following Theorem relates iy (G) and the independent
domination number in line graph i[L(G)] in terms of the
vertices of G

Theorem 8:For any connected non trivial graph G,iy(G) +
i[L&)] <p.
Proof: Let G be a connected graph.

By the Theorem C, we have i([L(G)] < 6, (G)
Also by the Theorem 5, iy, (G) = @;(G)

= V(G)
=p
Therefore iy (G) +i[L(G)] <p.

Theorem 9:For any connected (p,q)graph G.i[L(G)] <
in(G).

Proof: Suppose D = {Uy, Vs« e cuv wewven oo Uy} € VIL(G)] be
the minimal set of vertices such that N[D] = V[L(G)].Then D
is the minimal dominating set of L(G).Further if (D) contains
the set of vertices v;,1 < i <n ,such that degv; = 0 ,then D
itself forms the independent dominating set of L(G).Otherwise
let S=D'UI where D' S D and I € V[L(G)] — D ,such that
for all v; € (D'UI).degv; = Othen S forms an independent
dominating set of L(G).Since V|M(G)] = V(G) U E(G),then
clearly L(G) is an induced subgraph of M(G).Hence S <
VIM(G)].If N[S]=V[M(G)] then (S} itself forms an
independent dominating set of M(G).Otherwise ,we consider a
set D, =V[M(G)]nV[L(G)] and D, =V[M(G)] nV(G)
such that N[D, U D,] = V[M(G)] and (D, U D,) is totally
disconnected. Thus clearly |S| < |D, U D,| which gives
i[L(G)] < iy (G).

The foifowing Theorem relates iy, (G) and y (G) in terms of
the verticesof G.

Theorem 10: For any connected graph G,iy (G) < p — ¥ '(G).

Preof: Let E; = {e},€2,€3, .00 e cee v v v o €q} S E(G) be the
minimal set of edges, such that for each ¢; € Ey,i=
1,23, v @, N(e) 0 E; = ¢.Then  |E{| =y'(G).In
M(G),VIM(G)] = V(G) U E(G).Let

D ={v, V3,05 oo} Dbe the set of vertices
subdividing the edges of G in M(G).Let D, €D ,such that
each v; € D, subdivides the edges e; € E; in M(G).Thus
|E;| = |D;|.Now .,if N|D;| = V[M(G)] and for each v; € D, is
an isolate ,then D, forms an independent dominating set of
M{(G) Otherwise consider a set D; = D, U D,,where D, € D,
and D, € V[M(G)]~D, such that VveV[M(G)]-
D,UD,), N(v) n(D,uD,) # ¢ andalso D, U D,) is totally
disconnected .Then (D, U D,) forms a minimal independent

dominating set of M(G).Hence clearly |(D2 U DZ')[ =<
[V(G)| - y'(G) which gives iy (6) <p —y'(G).

Theorem 11: LetG be a connected graph theniy(G) +
¥p(G) < p + B1(G),where y,(G) is the paired domination in
G.

Proof: By the Theorem 5 ,iy (G) = a;(G) .

Also by the Theorem D:y, (G) < 28,(G).

Further ,iy (G) + 1, (G) < a1 (G) + 2B, (G)
=p— B (G) +2p,(6)
=p+ B,(G)

Hence iy (G) +7,(G) < p + B1(G) .
The following theorem rélates iy (G) and the independent
domination number of the subdivision graph [S(G)] .

Theorem 12:For any connected graph G. iy (G) < i[S(G)] .

Proof : Let V(G) = {vy,v5, V3 v vv oo e 3} and E(G) =
e i e BELE
S= {ul, Ug, U3 cee v vne wnn nn e s uk} ( V[S(G)] be the

minimum number of vertices subdividing the edges of G in
S(G).If N[S] =V[S(G)] ,then (S) forms a minimai
dominating set of $(G).Also, since in S(G) vu;,u; €5,1<
i,j <k,Nw)n(u)=¢hence (S) itself forms the
independent dominating set of S(G).In case ,if N[S] =+
V[S(G)] , we consider a set | = D; UD, ,where D; € § and
D, = V[S(G)] — D;,such that N[I] = V[S(G)] and for each
u; € (I),since degu; =0then (I) forms a minimal
independent dominating set of S(G).Further ,without loss of
generality § € V[M(G)].Since for each wu;u; € S,N(up) N
(uj-) # ¢ in M(G).Now consider a set S; € S,such that Vu; €
VIM( G- Nu)nS #¢ and  uw,u €5, Nw)0n
(u;) = ¢b,then (S,) forms a minimal independent dominating
set of M(G).Otherwise, let S, €S, US,where S C
VIM(G)] NS and S, € V[M(G)] nV(G),and also no two
vertices in (S,) are adjacent .Hence (S,) forms the minimal
independent dominating set of M(G).Clearly |I| > |S,| which
givesiy (G) <i[S(G)].

The following theorem gives Nordan-Gaudass type of result.
Theorem 13: Let G be a graph such that both G and G have no
isolated edges then,

in(G) +iy(6) < 2[7].
i . A p]?
CONCLUSION

In this paper we established selected results on independent
dominating sets in middle graphs. These results established
key relationships between the independent middie domination
number and other parameters including the domination
number. Further, these results established optimal upper
bounds on the independent domination number in terms of the
order itself and the order and the maximum degree
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