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The purpose of this paper is to define and study the notion of nano g'p-closed sets and nano g'p-
open setsin nano topologica spaces. Also to investigate nano g*p-interior and nano g* p-closure.
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INTRODUCTION

Levine [6] introduced the class of g-closed setsin 1970. Lellis
Thivagar [5] introduced Nano topological space with respect to
asubset X of a universe which is defined in terms of lower and
upper approximations of X. He has also defined Nano closed
sets Nano-interior and Nano-closure of a set. Bhuvaneswari [1,
2, 3& 4, 9] introduced Nano g-closed, Nano gs-closed, Nano
ag-closed, Nano ga-closed, Nano gr-closed and Nano rg-
closed sets, Nano gp-closed sets and Nano pg-closed sets and
studied some their properties.

Definition 1.1 [10]

A subset A of atopological space (X,7) is called a generalized
star closed set if cl(A) SU whenever A € U and U isg-openin
X, 7).

Definition 1.2 [5]

Let U be a non-empty finite set of objects called the universe
and R be an equivalence relation on U named as the
indiscernibility relation. Then U is divided intodigoint
equivalence classes. Elements belongings to the same
equivalence class are said to be indiscernible with one another.

*Corresponding author: Rajendran V
Department of Mathematics, KSG College, Coimbatore, TN

The pair (U, R) is said to be the approximation space. Let X
cu

1. The lower approximation of X with respect to R is the
set of al abjects, which can be for certainly classified as
X with respect to R and its dencted by Lr(X).

That is Lp(X) = Uyey {R(X): R(x) € X} ,where R(x)
denotes the equivalence class determined by Xe U.

2. The upper approximation of X with respect to R is the
set of all objects, which can be possibly classified as X
with respect to R and it is denoted by Ug(X).

3. ThatisUg(X) =Uxey {RE):R(x) N X # &}

4. The boundary region of X with respect to R is the set of
all objects, which can be classified neither as X nor as
not X with respect to R and it is denoted by By (X).

That |SBR(X) = UR(X) - LR(X)

Property 1.3 [5]
If (U, R) is an approximation space and X, Y < U, then

La(X) € X € Up(X)

Lp(®) = Ur(®) = @ and Lg(U) = Ug(U) =U
Ur(X UY) = Ur(X) U Ug(Y)

Ur(X NY) € Up(X) N Ux(Y)

La(X UY) 2 Ly(X) U Lg(Y)
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Lr(X N'Y) = Lr(X) N Lg(Y)

Lg(X) € Lg(Y) and Ug(X) € Ugr(Y) whenever X € Y
Ur(X©) = [Lr(X)]¢ and Lp(X®) = [Ur(X)]°

Ur[Ur(X)] = Lg[Ur(X)] = Ur(X)

Lr[Lr(X)] = Ug[Lr(X)] = Lr(X)

Definition 1.4 [5]

Let U be the universe, R be an equivalence relation on U
andt, (X) = {U, @, Ug(X), Lg(X), Bg(X)} where X € U. Then
by Property 1.3, 75 (X) satisfies the following axioms.

U and® € t5(X).

The union of the elements of any sub collection of
T (X) is intg (X).

The intersection of the elements of any finite sub
collection of 75(X) is intx(X).

That is, 754(X) is a topology on U called the Nano topology on
U with respect to X. we call (U, 1x(X)) is called the Nano
topological space. Elements of 75(X) are called as Nano open
sets in U. Elements of  [tx(X)] are called Nano closed sets
with [7z(X)]¢ being called dual Nano topology of 7 (X).

Remark 1.5 J5)

If T4 (X) is the Nano topology on U with respect to X. Then the
Set
B ={U, Lg(X), Bg(X)} isthebasisfor 74(X).

Definition 1.6 |5}

If (U,tz(X)) is a nano topological space with respect to X
where X € U and if AC U, then

The Nano interior of the set A is defined as the union of
al nano open subsets contained in A and is denoted by
Nint (A). Nint (A) isthe largest nano open subset of A.
The Nano closure of the set A is defined as the
intersection of all nano closed sets containing A and is
denoted by Ncl (A). Ncl (A) is the smallest nano closed
set containing A.

Definition 1.7

Let (U, 7z (X)) be a nano topological spaceand A < U. Then A
issaid to be

1. Ng-closed [1] ifNcl (A) € V whenever AV and V is
Nano-openin U.

2. Ngr-closed [9]if Nrcl (A) € V whenever A € V and V
is Nano-openin U.

3. Ngs-closed [2] if Nscl (A) € V whenever A € V and V
is Nano-openin U.

4. Nga-closed [3] if Nacl (A) € V whenever A €V and V
is Nano-openin U.

5. Ng*-closed [7] if Ncl (A) € V whenever A €V and V
isNano g-openin U.

6. Ng*s-closed[8]if Nscl(A) < V whenever A € V and V
isNano g-openin U

Nano Generalized Star Pre-Closed Sets

Throughout this paper (U,tz(X) is a nano topological space
with respect to X where XcU,R isan eguivaence relation on
U,U/R denotes the family of equivalence classes of U by R.

Definition 2.1 Let (U,Tr(X) be a nano topological space A
subset Aof (U,7(X) is called nano generalized star pre —closed
set(briefly Ng*p-closed) if Npcl(A)<V where ACV and V is
nano g-open

Example 2.2 Let U={ab,c,d}withU/R={{a}{c} {b,d}} and
X={a,b} .Thentp(X)={ U,0{a} {b,d} {ab,d}} whichnano open
sets. Then

1. Thenano closed set={ U,0.{c} {ac}.{b,c,d}}
2. Thenano semi closed sets={
U,0.{a {c} {ac}{bd}{b,cd}}
3. Thenano pre-closed
set={U,0,{a} {b} {c} {d} {ac}.{b,c}{cd} {abc}{a
c,d} {b,cd}}
4. Thenano regular closed set = {
U,0.{b}{c}.{d} {ac}{bc}{cd} {abc}{a
c,d} {b,cd}}
5. Thenano g-closed set={
U,@{c}t {ac}{bc}{cd} {abc}{acd} {bcd}}
6. Thenano gp-closed set ={
;J},Q),{ b} {c} {d} {ac}.{bc}{cd} {abc}{acd {bcd
7.  Thenano gs-closed set ={
U{a} {b}{c}.{d} {ac}{bc}{bd}{cd} {abc}{a
c,d} {b,cd}}
8. Thenano gr-closed set ={
U,@.{ct {bc} {cd} {ac}{abc}{bcd}{a cd}
9. Thenano g -closed set ={
U,@{ct{ac}{bc}{cd} {abc}{a cd} {bcd}}
10. Thenano g s-closed set ={
U.@{a {c} {ac}{bd} {abd} {bcd}}
11. Thenano g p-closed set ={
u.@.{a {b}{c} {d} {ab}{ac}{ad}.
{b.c} {bd} {cd}, {ab.c}{a bd}{a c.d} {bcd}}

Theorem2.3. If A is nano closed set in(U,tr(X),then it is a
nano g p-closed set but not the converse.

Proof. Let A be a nano closed set of U andAcV, where V is
nano g-open in U.Since A is nano closed, we haveNcl
(A) = AcV,That is Ncl (A) cV.Also Npcl (A) SNcl
(A) implies Npcl (A) <V,where V is nano g-open in
U.Therefore A isanano g*p-closed set.

Example 2.4.In Example 2.2, the subsets ‘&, {b}, {d} are
nano g* p-closed butnot nano g-closed set.

Theorem 2.5.1f A is nano g-closed in(U, 7g(X), then it is nano
g*p-closed set but not the converse.

Proof. Let A be a nano g-closed set. ThenNcl (A) <V
whenever ACV and Vis nano open in U,since every
nano open set is hano g-open set. So V is nano g-open
set in U.We have Npcl(A) SNcl(A) which implies
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Npcl(A) €V,AcCV,V is nano g-open in U.Hence A is
nano g*p-closed set.

Example 2.6.In Example 2.2, the subsets {b}, {d} are nano
g*p-closed but not a nano g-closed set.

Theorem 2.7.1f A is nano g*-closed in (U, r(X), then it is
nano g* p-closedset but the converseis not true.

Proof. Let A be a nano g*-closed set of U and AcV, where V
isnano g-open in U. Since A is nano g*-closed we have
Ncl (A) =A. So AcV implies Ncl(A) cU. But Npcl (A)
CNcl (A) implies Npcl (A)cV,AcV, Vis nano g-open
in U. Therefore A isnano a g* p-closed set.

Example 2.8.In Example 2.2, the subsets {&, b}, {a, d} are
nano g*p-closed set but not anano g*-closed set.

Theorem 2.9.1f A is nano gp-closed in (U, tr(X), then it is
nano g*p-closed set but the converseis not true.

Proof. Let A be a nano gp-closed set of U and A<V, where V
is nano open in U. But every nano open sets is hano g-
open set. This implies V is nano g-open in U.So Npcl
(A) €V, AcV, V is nano g-open in U. Therefore A is
nano g*p-closed set.

Example2.10. Let U={a, b,c,d} with U/R={{a} {d}{b,c}} and
X={a,c}.Then tx(X)={U,0{a {b,c} {ab,c}}.Thenin a
space (U,7r(X)),a subset {a} isa nano g*p-closed set
but it is not a.nano gp-closed set.

Theorem 2.11.The union of two nano g*p-closed sets in (U,
Tr(X)) isaso anano g*p-closed set in (U,r(X)).

Proof. Let A and B be two nano g*p-closed sets in (U,
Tr(X)).Let V be a nano g-open set in U, such that AcV
and BSV. Then we have AUBCV. Since A and B are
nano g*p-closed in (U, tr(X)).Thisimplies Npcl (A)cV
and Npcl(B) <V.Now Npcl(AuB)=Npcl(A)UNpcl(B)
cV. Thus we have Npcl (AUB) <V, whenever
AUBCV, where V is nano g-open set in (U,7x(X)).This
implies AUB isanano g*p-closed set in (U,7g(X)).

Remark 2.12.The intersection of two nano g*p-closed sets in
(U,7p(X)) is also a nano g*p-closed set in(U,7r(X))
asseen from the following example.

Example 2.13.Let U={ab,c,d} with U/R={{a} {d}.{b,c}} and
X={ac}.Then the nano topology istr(X)={U,0
{a} {b,c} {ab,c}}.Then the nano g*p-closed sets are
{a {b}{c} {d}{ab} {ac}{ad} {bc}{bd}{cd}{ab
.c} {ab,d} {acd} {b,cd}.Here {b, c}n{c, d} ={c} is
also a nano g* p-closed set.

Theorem 2.14.Let A be a nano g*p-closed subset of
(U,tr(X)).If A €B =Npcl (A),then B is also anano g*p-
closed subset of (U,7r(X)).

Proof. Let V be a nano g-open set of a nano g*p-closed subset
oftr(X) such that B cV,as A €B, we have A CV.As A
is nano g*p-closed set,Npcl (A) €V, Given B SNpcl

(A). we have Npcl(A) SNpcl(B) and Npcl(A) cV, we
have Npcl(B) €V, whenever B €V and V is nano g-
open .Hence B is also a nano g*p-closed subset of

TR(X).

Theorem?2.15. If asubset A isanano g*p-closed set if and only
if Npcl (A)-A contains no nonempty, nano closed set.

Proof. Necessity. Let F be nano generalized closed set in
(U,7r(X)),such that FENpcl(A)-A. Then AcX-F.Since
A is nano g*p-closed set and X-F is nano generalized
open then Npcl (A) €X-F. That is FEX-Npcl (A).So
FC[X-Npcl (A)]N[Npcl (A)-A].Therefore F=@.

Sufficiency. Let us assume that Npcl (A)-A contains no non
empty nano generalized closed set.Let ACV, V is nano
generalized open. Suppose that Npcl (A) is not
contained in V, Npcl (A)N V¢ is non empty, and nano
generalized closed set of Npcl(A)-A which is a
contradiction. Therefore Npcl (A) €V, and hence A is
nano g* p-closed set.

Theorem2.16. If A is both nano generalized open and nano
g*p-closed set in X, then A is nano generalized closed
Set.

Proof. Since A is nano generalized open and nano g*p-closed
set inX, Npcl (A) cV.But AcSNpcl (A).Therefore
A=Npcl(A).Since A is nano closed and Nint (A) =A,
this implies Npcl (A) =A. Hence A is nano generalized
closed set.

Nano Generalized Star Pre-open set
Definition 3.1.A subset A of a nano topological space

(U,7r(X))is called nano generalized star pre-open set
(briefly, nano g*p-open),if A is nano g*p-closed.

Theorem 3.2.
1 If A isnano open setin (U, tr(X)), thenit isnano g*p-
open
2. If A is nanog*- open set in (U, tp(X)), thenit is nano
g*p-open
3. If A is nano gp- open set in(U, tr(X)),then it is nano
g*p-open

Proof. It follows from the Theorem 2.3, 2.7& ~ 2.9.
Remark 3.3.For subset A of a nano topological space

(U,7r(X)),

1. U-Ng*pint(A)=Ng*pcl(U-A)
2. U-Ng*pcl(A)=Ng* pint(U-A)

Theorem 3.4.A subset ACU is nano g*p-open if and only if
FSNpint (A) whenever F is nano g-closed set and FEA.

Proof. Let A be nano g*p-open set and suppose FEA, where F
is nano g-closed. Then U-A is nano g*p-closed set
contained in the nano g-open set U-F. Hence Npcl (U-
A) cU-F and U-Npint (A) € U-F. Thus FENpint (A).
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Conversely, if F is nano g-closed set with FENpint (A)and
FSA. Then U-Npint (A) € U-F. Thus Npcl (U-A) cU-F.
Hence U-A is nano g*p-closed set and A is nano g* p-open set.

Theorem3.5. If Npint (A) €BCA and if A is nano g*p-open,
then B is nano g* p-open.

Proof. Let Npint (A) SBCA, then A°cB“SNpcl (A°), where
A® is nano g*p-closed and hence B€ is aso nano g*p-
closed by theorem 2.14.Therefore B is nano g* p-open.

Remark 3.6. If A and B are nano g*p-open subset of a nano
topological space, then AUB is also nano g*p-open in
U, as seen from the following example.

Example 3.7. In example 2.13, the sets{a} and {a, b} are nano
g*p-open sets .Then {a} U {a b} ={a, b} isaso nano
g*p-open sets.

Nano generalized Star pre-Interior and Nano generalized
Star pre- Closure

Definition 4.1. Let U be a nano topological space and let
x€U.A subset N of U issaid to be Ng*p-nei¢hbourhood of x if
there exists an Ng* p-open set G such that x€ GEN.

Definition 4.2
l. Ng*p-int (A) =U {B: B is nano g*p-open set and
Bc A}
. Ng*p-cl (A) =n{B: B is nano g*p closedset and Ac
B}

Theorem 4.3 If A be a subset of U .Then Ng*p-int (A) = U {B:
B is nano g*p-open set and Bc A}

Proof. Let A be a subset of U.
oX is a Ng*p-interior
A isaNg*p-neighbourhood of point x.
& There exists Ng* p-open set B such that xeBcA

oxeU{B: B isNg*p-open set and BcA}

Hence, Ng*p-int (A) =uU {B: B isnano g*p-open set and BcA}

X€ Ng*p-int (A)
point of A.

Theorem 4.4.Let A and B be subsets of U .Then

1. Ng*p-int (U) =U and Ng*p-int ()= @

2. Ng*p-int (A) cA

3. If Bis any Ng*p- open sets contained in A, then
BcNg*p-int (A)

4. If AcB, then Ng*p-int (A) cNg*p-int (B)

5. Ng*p-int (Ng*p-int (A)) =Ng*p-int (A).

Proof.

1 Since U and® are Ng* p-open sets, by Theorem 4.3
Ng*p-int (U) =uU {B: B is Ng*p-open and GcU}
=U U {A: A isaNg*p-open set}
=u
Since,® isthe only Ng*p-open set contained in@,Ng*p
int (@) =0

2. ii) Let xeNg*p-int (A) =>x is a Ng*p-interior point of
A.

=>A isaNg*p neighbourhood of x.
=>XEA
Thus, XeNg*p-int (A)cA.

3. Let B be any Ng*p-open set such that Bc A. Let X€EB,
then, B isaNg*p-open set contained x in A is a Ng*p-
interior point of A. That is B isa Ng*p-int (A).Hence
BcNg*p-int (A).

4. Let A and B be subsets of U such that Ac B.Let
XENg*p-int (A).Then x is a Ng*p-interior point of A
and so A is Ng*p neighbourhood of x. This implies
that xeNg*p-int (B).Thus we have shown that
XeNg*p-int (B).Hence, Ng*p-int (A)cNg* p-int(B).

5. Let A be any subset of U. Thenby definition of Ng*p-
interior, Ng*p-int (A) = n{AcFeNg*p c(U)} if
Ac F eNg*pc (U),then Ng*p-int (A)cF.Since F isa
Ng*p closed set containing Ng*p-int (A).By (iii),
Ng*p-int (Ng*p-int (A))<F.Hence Ng*p-int (Ng*p-int
(A))en{AcFeNg*pc(U)} =Ng*pcl(A).That is,
Ng*p-int (Ng*p-int (A)) =Ng*p-int (A).

Theorem 4.5. If a subset A of a space U is Ng*p-open then
Ng*p-int (A) =A

Proof. Let A be a Ng*p-open subset of U.We know that Ng* p-
int (A) cA.Also A is Ng*p-open set contained in A.
From theorem4.4 (iii),AcNg*p-int (A).Hence, Ng* p-int
(A) =A.

Theorem 4.6. If A and B are subsets of U, then Ng*p-int
(A)UNg*p-int (B) cNg*p-int (AUB).

Proof. We know that AcAUB and BCAUB and we have by
Theorem 4.4(iv),Ng*p-int (A) cNg*p-int (AuB)and
Ng*p-int (B) cNg*p-int (AUB).This implies that Ng* p-
int (A) UNg*P-int (B) cNg*p-int (AUB).

Theorem 4.7. If A and B are subsets of space U, Then Ng*p-int
(AnB) = (Ng*p-int (A) NNg*p-int (B)

Proof. We know that An B cA and AnBcB.We have, by
Theorem4.4(iv), Ng*p-int (An B) < Ng*p-int (A) and
Ng*P-int (AnB)cNg*p-int(B).This implies that Ng* p-
int (ANB)cNg*p-int (A)NNg*p-int(B) = (1).

Again, Let xeNg*p-int (A) NNg*p-int (B).Then xeNg*p-int
(A) and xeNg*p-int (B). Hence, x is a Ng*p-interior pointof
each sets Aand B is Ng*p-neighbourhood of x, So that their
intersection ANB is also Ng*p-neighbourhood of xhence
XeENg*p- int (AnB).Therefore Ng*p-int (A) NNg*p-int
(B)cNg*p-int (An B)=>(2).

From (1) & (2),wegetNg*p-int (An B) = Ng*p-int (A)
NNg*p-int (B).
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