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In this paper random fixed point results are proved for random Banach operator which is defined on
separable closed subset of a complete p-normed space .As application , these results are used to
study the random best approximations. This work extends or provides stochastic versions of several
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INTRODUCTION

The random approximations and random fixed point theorems
are stochastic generalizations of usual approximations and
fixed points theorems. Recently, many researchers are
interesting in this subject such as (Beg and Shahzad, 1994,
2000) who proved some theorems about the best
approximations as applications for some stochastic fixed point
theorems. Also, (Khan et al, 2002) proved random fixed point
theorems for non-expansive random operators defined on a
class of non-convex sets containing the subclass of star-shaped
sets in locally bounded topological vector spaces, and then,
they obtained Brosowski — Memardus type theorems about
random invariant of approximation (for Brosowski -
Memardus type see (Kuratowski,1965) or (Meinardus,1963)
(Nashine, 2008) established the existence of random fixed
point as random best approximations with respect to compact
and weakly compact domain. (Alsaidy et al, 2015) proved
coincidence point results for pair of commuting mapping
defined on weakly compact separable subset of complete p-
normed space. And then, use them to study the random best
approximation in p-normed space with separablity condition. In
this paper, some results regarding random best approximations
are proved as a consequence of random fixed point theorems in
p-normed space whose dual separates the points of X.

*Corresponding author: Salwa Salman Abed

Preliminaries
We need the following definitions and facts

Let X be a linear space and [|. || ,be a real valued function on X
with 0 < p < 1. The pair (X, ||. Il,,) is called a p-normed space
if for all for all x,y in X and scalars A4 :

1 x|, >0 and x| =0iffx=0
Al =1,
o Iyl <Ixl, +1vl,

Therefore, every p-normed space X is a metric space
withd(x, y) = llx — yll,,, for all x,yin X . If p =1, we have
the concept of a normedspace (Nashine, 2006).

It is known that the topology of a Hausdorff locally bounded
topological vector space is obtained by some p-norms,
0< p < 1. (Nashine, 2006) the spaces L,[0,1] andl,,, 0<p <
1 are p-normed space for other examples see (Nashine, 2006).
We say that the continuous dual X of X is separating if for
eachO # x € X, there exists f € X such that f(x) # 0. If this
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satisfied then the weak topology of X will be Hausdorff
(Nashine, 2008).A p-normed space is not necessarily locally
convex space (Nashine, 2008). And the continuous dual X of
p-normed space X need not separate the point of X (Nashine,
2008).

For a subset 4 of X and x. € X, define the set
pax.) = {Z € A:|lx. — zllp}.

Then an element z € p,(x.) is called a best approximation of
x. in A (Nashine,2009), where d(x., )= infye {llx- —
a||,}(Nashine, 2009). The set A is called starshaped (Nashine,

2009) if there exists at least one point g € A such that kx +
(1-k)q € Afor all xe AandO <k <1 . In this case q is
called the starcenter of A.

The mapping h: A — X is called
i.  nonexpansive (Zeidler,1986) if d(h(x),h(y)) <
d(x,y). for each x,y € A.
il ii. Banach operator (Shahzad,1995)if there
exists a constant k (0 < k < 1) such that
d(h(x), h?(x)) < kd(x, h(x)). for each x € A.
iil. compact (Zeidler,1986)if , for any nonempty bounded
subset S of A, h(S) is compact set in X
The following classes are needed
CB(X) is the classes of all bounded closed subsets of X,
K(X)is the classes of all nonempty compact subsets of X,

Also, A is denoted to the closure of a set A.

Now, let the pair (2,2) with be denote to the measurable space
with 2 a sigma algebra of subsets of Q.

Definition (2.1)(0'regan et al ,2003)

A mapping F: 2 — 2%is called (X-) measurable (respectively,
weakly measurable) if, for any closed (respectively, open)
subset Bof X , F~1(B) ={w € Q: F(w) N B = @} € Z.
Definition (2.2) (O'regan et al, 2003)

A measurable mapping §:2 — X is called a measurable
selector of a measurable mapping F:12 — 2%if §(w) € F(w)
for each w € 0.

Definition (2.3) (Brosowski, 1969)

A mapping h:2 x A — X is called a random operator if for
any x € A,h(.,x) .

Definition (2.4)(Nashine,2008)

A measurable mapping §: 2 — A is called random fixed point
of a random operator h: 2 x A — X if for everyw € 2,6(w) =

h(w, 8(w)) .

Definition (2.5) (Shahzad, 1995)

A random operator h:2 < A — X is called continuous (non-
expansive (compact, Banach operator, etc.) if for each w €
0 ,h(w,.) is continuous (non-expansive, compact, Banach
operator, etc.).

Throughout this paper X will be p-normed space whose dual
separates the points of X.

MAIN RESULTS

Firstly, we prove that

Theorem (3.1)

Let X be a complete p-normed space. A continuous Banach
random mapping h: Q x A —» A , where A is a separable closed
subset of X , has a random fixed point.

Proof:

Suppose that Q-:Q — A is measurable mapping. since h is
Banach operator , then by induction that

|27 (@, Q-()) = h™(w, Q-() |, < k™ (w)]|Q-(w) -
h(w,Q:())||,, forall w € Qand n=12,

Let Q,(w)=h(w,Q-(w)) then by Theorem (6.5)
(Himmelberg, 1975) the mapping Q,is measurable and the
sequence of measurable mappings Q,(w)can be defined as
follows:

Q,(w) = h(w, Qn_l(w)) = h”(w, Qo(w)) for all w € Q and
n=12,..

Assume that n < m , then for all w € Q , we have

10, (@) = Qm(@)ll, = " (@, @-(@)) — h™(w, Q-(w)),,
< k" (@)]|Q-(@) = h(w, Q-1 @))]],

=k ()11Q-(w) = Qrm-n (@)l

< k™ (@)[11Q-(w) — @y (@)II, + 110, (@) — @, (W)II,,
+ - ”Qm—n—l(w) - Qm—n(w)”p]

=k™()1Q-(w) — Q1 (W), [1 + k(w) + -+ + k™" (w)]

k™ (w)
< 1——k(w)”Q°(w) = Q1 ()l
Since 0 < k(w) <1 forall w e Q, then {Q,(w)} is a Cauchy
sequence inA. Since X is a complete metric space which
induced by || [l,and A is a closed subset ofX, hence by
(Kreyzig, 1978) A is complete metric space.
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This implies {Q,,(w)} converges toQ(w) € A . By continuity
of h we have lim,_. h(w, Q,(w)) = h(w, Q(w)) for all
w € Q. Therefore the mapping Q: Q — A is a random fixed
point of h.m

Remark (3.2)

Theorem (3.1) remains true if A is a separable, closed subset of
a p- normed space X and h(w, A) is compact, for any w € Q.

Definition (3.3)

Let X be a p-normed space, ACX and and h:2 %X - X bea
random operator we say that A has property (P) if

i. hQxA-A

ii. (1—ky)q+k,h(w,x)eA, for some geAdand a
fixed real sequence < k,, > convergingto 1 (0 <k, <
1) and for each x € A and for each w € Q..

Theorem (3.4)

If h: Q x A — A is nonexpansive random mapping , where A is
a separable closed and has property (P) subset of p-normed
space X, and h(w, A) is compact, for any w € Q , then h hasa
random fixed point.

Proof

Since h is defined on Q < A in to A and A has property (P),
then(1 — k,)q + k,h(w,x) € A , for some ge Aand a fixed
real sequence < k,, > converging to 1 (0 < k,, < 1), for all
xeAandforallw e Q.

Forn > 1, defined the random mappings G,, by

Gp(w,x) = (1 = k,)q + k,h(w,x), forall x € Aand all
w € Q.

Thisimpliesto, G, : Q < A - A.

Since h is nonexpansive random mapping, then each G, is
Banach operator as follows:

1620, = 2@, = 6 (@0%) = 6 (0,6 w0, D,

=1 = kp)q + knh(w,x) = [(1 = kp)q + kph(w, Gy (w,x))]ll,
= (kn)p”h(wr x) - h(wr Gn(wr x))”p
< (kn)p”x - Gn(wrx))”p

By continuity of h and h(w, A) is compact for all w € 2 , we
have each G, is continuous random mappings and

G,(w, A) is compact for eachw € Q

So, by remark (3.2) there is a measurable map §,,: 2 = A such
that §,,(w) = G,,(w, 5, (w)).

Now, for each n Define Q,,: 2 — k(A) by

Qn(w) ={6,(w):1 = n}.

Also, define Q: 2 - k(4) by Q(w) =n%-; @, (w).

Then by theorem (4.1) (Kreyzig, 1978) Q is measurable, this
implies Q has measurable selector 6 (Khan and Khan, 1995).
Fix anyw € Q. Since h(w, A) is compact and h(w, 6, (w)) S
h(w, 8, (w)), then there is a subsequence {h(w,d,(w)}
convergent tod (w);

Since k,, - 1 and

6‘m(w) = Gm(wa6m(w)): (1 - km)q + kmh(wr 6m (0)))
converges to 6 (w).

Since h is continuous random mapping, then h(w,d,,(w))
converges toh(w, 6 (w)).

This implies h(w, §(w)) = §(w), forallw € Q.
Therefore 6 (w) is random fixed point of h. m

As a consequence we obtain

Corollary (3.5)[(Beg and Shahzad ,1994) ,Theorem 3]
If h: Q< A — A is nonexpansive random operator,

where A is a nonempty separable closed and starshaped subset
of normed space X, and h(w, A) is compact , for any w € Q,
then h has a random fixed point.

Now, we apply the above results to get an invariant best
approximation

Remark (3.6) (Beg and Shahzad, 1994)

If a mapping h:X — X leaves a subset A of X invariant, then
in the following hy, is denoted to restriction of hto 4 .

Theorem (3.7) (Khan and Khan, 1995)

Let X be a metric space and h:X — X a nonexpansive
mapping with a fixed pointx. € X . If A is closed h-invariant of
X and h), compact mapping, then the set p,(x.) of best
approximation is nonempty.

Theorem (3.8)

Let A be a nonempty closed subset of a p-normed space X and
h:QxX — X is a nonexpansive random mapping
withh(w, x-)

=x. for and h(w,A) S A for all w € Q. with h(w,.),
compact If p,(x-) is separable and has the property (P) , then
the point x. has best random approximation which is also a
random fixed point of h.

Proof

Let M =p,(x-) , by theorem (3.7), M is nonempty that is there
exists x € A such thatd(x., A) = [lx — x[[,. Since h is
nonexpansive random operator and h(w, x-) = x. , hence
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de(x°1A) = ”x° - x”p = ”h((l),xO) - h((l),x)”p 2.
= ”x° - h((l),x)”p
This implies [lx- — h(w, x)Il,, < d(x-, A) for all x € M. thus, M 3.
is h(w, .)-invariant. 4
Since A is a closed subset of X and h(w,.)|, is compact, then
M is a closed subset of A and h(w, M) is compact 5
Hence all conditions of Theorem (3.4) are satisfying on M 6
Thus there exists a measurable mapping §: £ — M such that '
§(w) = h(w,5(w)) that is there exists best random 7
approximation which is also a random fixed point of h.
Corollary (3.9) 8.
If h: Q% A — A is nonexpansive random mapping, where A is
a separable closed and starshaped subset of complete p-normed
space X , then h has a random fixed point. 9.
Corollary (3.10)
If h:Q > A — A is nonexpansive random operator, where A is 10.
a separable closed and starshaped subset of a p-normed space
X and h(w,A) is compact, for any w € Q, then h has a
random fixed point. 11.
Corollary (3.11) [(Beh and Shahzad, 1994), Theorem 4]
12.
Let X be a normed space. If h: Q x X — X is a nonexpansive
random mapping with h(w, x.) = x- for any w € Q, leaving a
subspace A of X invariant,h(w, .)4 is compact and andp,(x-) 13.
is separable, then the point x. has best random approximation
which is also a random fixed point of h.
14,
Corollary (3.12)[ (Beh and Shahzad,1994) ,Theorem 5]
Let h:QxX — X be a nonexpansive random mapping 15.
withh(w, x-) = x- for anyw € Q , leaving convex subset A of
X invariant andh(w, . )|, compact. If p,(x.) is nonempty and
separable, then the point x- has best random approximation 16.
which is also a random fixed point of h.
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