Awailable Online at http://www.recentscientific.com ———————
International Journal of

Recent Scientific

International Journal of Recent Scientific Research Research
Vol. 7, Issue, 12, pp. 14725-14728, December, 2016

Research Article

ON SECOND HANKEL DETERMINANT FOR STARLIKE AND CONVEX FUNCTIONS
Amruta Patill.,, Khairnar, S. M2 and Ahirrao B. R3

ISSN: 0976-3031

1Department of Mathematics, AISSMS, Institute of Information Technology,
Shivajinagar, Pune - 411 001
ZDepartment of Applied Sciences, MIT Academy of Engineering,
Alandi - 412 105, Pune (M. S.), India
3Department of Mathematics, Z. B. Patil College, Dhule - 424002

ARTICLE INFO ABSTRACT

Article History: A denote the class of functions which are analytic, normalized and univalent in the open disc
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INTRODUCTION
Let A denote the class of normalized, analytic and univalent function of the form
fz =2+ Ypaaz" wherez e D = z: 7] < 1 (11

The ¢ Hankel determinant for § = 1 and 11 > 0 is stated by Noonan and Thomas as
ﬂ” ﬂr||| . . . ﬂr||[||||
l:-‘r|I| .

Hy(m) =

ﬂr|l|:||-| o .. e e ﬂr|I;,'|:||-'_'

This determinant also been considered by several authors. In particular, sharp bounds on H;(2) were obtained by the authors of
articles[2], [3], [4], [8] for different classes.

In particular, g = 1,n1= 1,8y = 1and q = 2,1 = 2 the Hankel determinant simplifies respectively to H:(1) and H:(2), both are
second Hankel determinant. Here H; (1) also called as Fekete and Szego functional.

These are simplifiesrespectively as Hy 1 = |ag - 5|, Hy 2 = |ayay - aq’|.

. . iy i . 5 . .
In this paper we consider H; 2 = ﬂ; ﬂ_': that is Hy 2 = |ayns — as*| . We have to obtain upper bound for the functional

lasay — a3%| for functions belonging to the following classes.
Definition (1.1)
A function f(#) € A issaid to be starlike of complex order ¥ (ye€/ 0 ), thatis f € §*(y) if it satisfies the inequality
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. s
zf'(2)

& > 0, zel) the class of starlike functions 5*.

Thechoiceof ¥ = 1vyields Re

Definition (1.2)
A function f () € A issaid to be convex of complex order ¥ (ye€/ 0 ), thatis f € (y) if it satisfies the inequality

1) ;
Re 1+ i@ 0 (z € D,yed/ 0) (1.3
z1"(®)

) > 0, zel) the class of convex functions (.

Thechoiceof ¥ = 1vyields Re 1+

Preliminary Results
Let M bethefamily of all functions i analyticin I} for which Fe p(2) > 0 and

Pz o= 14+0Z+ 0325 + o (2.2)
Forze [

Lemma (2.1): [5] If p € Mthen |cy| < 2 foreach k € N.

Lemma(2.2): ([6], [7]) Let p € M then 2c; = % + x(4 - ;%) (2.2
And

dog= o+ 24-f - d-t e 24-° 1- x)f g (2.3)

For some values of x, z such that, |x]| < 1 & |#| < 1.
Theorem (2.1): [1] Let f € §*. Then |asas - a5°| < 1.
The result obtained is sharp.

Theorem (2.1): [1] Let f € €. Then |aya, - a5?| <
The result obtained is sharp.

1
3

Main Results
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Theorem (3.1): Let f € §*(y). Then |ayas - a3°| < %
The result obtained is sharp.
Proof: f € 5*(y) then3p € M suchthat zf" z = yf z p(2) (3.1)

for some z € [J. Equating the coefficientsin (3.1) yields

< 2 _ }r . .
}"f:: -},rcr:lc
g = +
3-y 2-y(3-7)
g = Yo, Paetn o v’ (32)

-y Iy I (N v 3 (W)
From (3.2), itis easily established that,

ycycy yicy? Vit of 4+ 2y- vt o+ ca(4y? - 23y + 31)
2-y@4-y) B-y 2-y*3-yi4-y)

lagas - as’| =

Substituting for 3 and £4 from (2.1) and (2.2) and since |c;| < 2 by lemma (2.1), c; = ¢ and assume without restrictionc € 0,2 .
We obtain,

yer+2ct 4-ct x-ct4-ctx*+2c4-¢' 1-Ixz y'cf+x4-cf

lagas - as’| =

42-y(4-v 23-y?
vict(4+ 2y - v9) yict c*+c'x4-c* 4y'-23y+ 31
2-y*3-y*i4-y) 22-y*3-yi(4-Y)

Using triangle inequality,
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Lo yct+2ct4-cfpr2cd-ct +cd-cf (c-2)pt  yi(ct+ 4-cfipf+2ct 4-cf p)
|ayms — a4 < + =

_ 42-y(4-Y) . . . 2(3-y)*

ylct(4+ 2y - v9) .\ pief ct+ct 4-cfp 4y'-23y+ 31

2-y*3-yi(4-v) 22-y*3-y*(4-y)
lazas — as*| = F(p) (3.4)
With g = |x] £ 1. Furthermore,
yctA-ct vcd-cf (c-2p N Y 4=t fp+ ct(4- b N et (et (4 - o) (4y* - 23y + 31)
22-y(4-p) G-m 22-y*43-y*A4-y)

and with elementary calculus , we can show that F p > 0 for g > 0, implying that F is an increasing function and thus the upper
bound for (3.4) correspondto g = 1 and ¢ = O gives,

Fp

Hy
@@=
Fory = 0, layas — a5°] < Owhichis< 1, the result sharp obtained by Aini Janteng [1].

layas - ay°] < This completes the proof.
Theorem (3.2): Let f  €£(y). Then |ayay — ay°] < y{

Theresult is obtained sharp.
Proof: f (£(y)then @ M suchthat

vz +z2f 7 =yf 7 p@2) (35
forsomez ). Equating the coefficientsin (3.5) yields

, = ¥

& 2 .

o y(c® + cy)

3 6 .

_ FQeabicgaptey 6% 4oy )

fe = 24 (3.6)

From (3.6), it is easily established that,
iy (2cs+ o'y +yeicy 2+ y ) yi(et + 2ci0p + ¢pf)
48 36

Substituting for ¢z and t3 from (2.1) and (2.2) and since |;| < 2 by lemma (2.1), ¢y = ¢ and assume without restrictionc 0,2 .
We obtain,

lagas - ag®| =

vice'+24-c'ex-c4-cixP+24-¢ 1- x|z +ygc*(3y3—4)+y: ct+ x(4-c*)?
96 144 144
+y"c3c2+y -8 (c'+x4-c¢)
288

laya, - ﬂ3:| =

Using triangle inequality,
* e 4 pie A b 4t (et | YAyt | YR O A ok 4t Tl + Y238 iy e (4 4-¢ )
96 144 144 268

lazay - ay®| < Y
3.7
lazay - as*| = F p withp= |x|< 1
T o el ()Y FHE® 4=c* + 47 :“._l) ¥ 4c¥ 2y o (4-c¥)

44 * 7i * 84
And with elementary calculus, we can show that F* g > 0 for g > 0, implying that F is an increasing function and thus the upper
bound for (3.6) correspondto = 1 and ¢ = O gives,

Furthermore F' g =

'
I

Y
Qafls — 90| < —
layay 3 9

Fory = 1, |ayas — ag°] < %which is< -, theresult sharp obtained by Aini Janteng [1].
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