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INTRODUCTION

In 1963, the concept of bitopological space was introduced by
Kelly [6] when he was studying properties of asymmetric
distance function on a non empty set X. Since bitopological
space is a generalization of topological space, it is therefore
worth-while to investigate that how the existing notions of
topological spaces can be extended to bitopological setting. H-
closed and Quasi H-closed (QHC) spaces are considered to be
interesting and important topics of study for as long as the last
seventy year or so. The intensive study of such spaces by
eminent topologists during this long period has motivated many
others to generalize the existing results to bitopological spaces.
The pairwise QHC-spaces were first introduced by Mukherjee
[7]. Subsequently such spaces have further been studied in
detail by Kariofillis [2] and Sen et al. [10]. In 2002, the concept
of pairwise compactness modulo an ideal in bitopological space
was introduced by Lal et al. [8] inspired by the concept of
compactness modulo an ideal introduced by Newcomb [1] in
general topology.

In this paper, we proved some important theorems on pair wise
quasi-H-closed modulo an ideal spaces and study some of its
properties. In the process, we get some interesting
characterizations of such spaces.

*Corresponding author: Manoj Garg

Preliminaries

Definition: A point x in space (X, T, 2'2) is said to be ij-6
contact [2] point of a subset 4 of X if for any z-open
neighborhood U of x, 7;-c(U)) 4 # @ . The sct of all ij-6-

contact points of 4 is said to be ij-&-closure of 4 and denoted
by ij-&cl(4).

Definition: A point x in a space (X, T, T, ) is said to be ij-6-
adherent point [2] of filter base B on X [3] if it is ij-6-
contact point of every member of B or point x in a space
(X, 7, Tz) is said to be ij-G-adherent point of filter base B

onX if xe m -0 - Cl(B). The set of all ij-&adherent
BeRB

points of B is called
adhB.

ij-6-adherence of B and denoted by ij-&

Definition: A subset 4 in a space (X, 7, 12) is said to be ij-
regularly open [4] if 4 = 5-int(5-cl(4)). The complements of ij-
regularly open sets are called ij-regularly closed sets.

Definition: A bitopological space (X > Tys 72) is said to be
pairwise quasi-H-closed [7] if for every z-open cover U of X,
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there exists a finite subfamily {Ul U,,U, ,...Un} of U such

that X = Lanj-cl(Uk).
k=1

Definition: A bitopological space (X > T Ty f) is said to
be pairwise compact modulo an ideal or just (/ )FHP-compact
[8] if every pairwise open cover U of X has a finite subfamily

U,.U,,U,,..,U, } of Usuchthat X —| JU, er.

k=1
Lemma: [2]. Let (X,7,,7,) be a bitopological space, then
we have:

I 1f A€z, then 7,-cl(4) = ij-6-cl(4).
2. If {Ak ke K} is a collection of subsets of X, Then
ij-&clN{4, : k e K})c N{ij-@cl(4,) : ke K|,

Pair wise quasi-H-closed modulo an ideal

Theorem: Let (X,7,, Tz) be bitopological space and let / be
an ideal on X. Then following conditions are equivalent:

1. (X,7,,7,)is pairwise (/ )QHC,

2. any filter base in @(X) — I has non-empty ij-6
adherence,

3. for each family U of subsets of X such that U C
X — I, having (I )FIP, one has

N{ij-6cl(G):Ge %} + ¢.

Proof (1) = (2). Let B be any filter base in ¢ (X) — 7 without
ij-@adherent point. Then for eachx € X there exists 7.
neighbourhood ¥ of X and F_€®B such that

Tj—cl(Vx)ﬂFx =@ Let S= {X— z'j—cl(Vx): xXe X},
then G is z-open filter base in ¢ (X) — I without z-adherent
point. So (X,7,,7,,.%) is not pair wise (/ JQHC. Hence, we
have contradiction.
(2) = (1). Let B be any z-open filter base in go(X) — /. By
Lemma 2.6, we have {ij-e-cl(B) = Ti—cl(B) for each
B € B} . By hypothesis, there exists x € X such that
x e N{ij-6-(B): B € B},

We have, X € ﬂ{Tj—Cl(B) :Be fB}for each Be B

=>V.NF#¢ for each BeB and for each
Vx € Ni (X),
= x is z-adherent point of B. Hence (X,7,,7,,¥) is pair
wise (/) QHC.
(2) = (3). Let 4 ={G, :k € K} be collection of subsets of
X such that U < g (X) — I having (I )FIP. Therefore, we have

n

(G} e 9.

k=1

Then J = {(}G/1 :A c K,A is finite} does not contain
AeA

empty set and also for the intersection of any two members of

3, there exists a member of J that is contained in the

intersection of that two members. Therefore

S:{ﬂGz A c K,A is finite} is a filter base on X.

AeA
Clearly 3 < (X )— 9 . Hence by hypothesis, 3 has non-
empty ij-6-adherence ie.
xe ﬂ{ij-acl(ﬂ@ :AcK,Als ﬁnite,}.
AeA

Because we know that if {G, :k €K} is a collection of
subsets of X, then

ij-0-c(N{G,. :k € K})c N{ij-6-cl(G,) : k € K},
It follows that,

xe ﬂ{ﬂ(ij-@-cl(Gl) ‘AcK,Ais ﬁnite)}
AeA

= N{ij-6c(G, ): k e K} # ¢.

(3) = (2). Let U be any filter base exists in g (X) — I. Clearly it
has (I )FIP, if not, there exists a finite number of members in U

such thatﬂU ; €Y9. Now by the definition of filter base,
k=1

there exists /1 € % such that H ﬂU . which implies
k=1

that H € 9 but this contradicts the fact that U be any filter

base inp(X) - L By hypothesis,

N{ij-GclU): U eu}+ ¢,

= Filter base U in g (X) —/ has non-empty ij-adherence.

Theorem: Let (X,7,,7,) be a bitopological space and let /
be an ideal on X. Then the following conditions are equivalent:

1. (X,7,,7,) is pair wise (/ )QHC,
2. each ij-regularly open cover U of X, there exists a
finite sub collection {Ul,Uz,U3,...,Un} of U such

n
that X - J{r-clU,)}e 9,
k=1
3. for each family U of ij-regularly closed subsets having
empty intersection, there exists a finite subfamily

U,,U,,U,,...,U,} of U such that

n

ﬂ{rj—int(Uk)}e 9,
k=1
4. For each family U of ij-regularly-closed subsets such

that {T j-int(U ):U E%} has (I) FIP, one has
NU:Ueul+¢.
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Proof (2) = (1). Let U be any z-open cover of X. Then
{fi—int(z' j—cl(U )) Ue %} is ij-regularly open cover of X.
By hypothesis, there exists a finite

{rj—int(rj—cl(Uk )) k=1, 2,3,...,n} such that

X - O {z'j-cl(ri- int(z'j-cl(Uk )))} €,

k=1

subfamily

Since U; is z-open and for each z-open set U of U,

T j—cl(ri—int(rj—cl(U ))) = Tj—Cl(U ).

Then we have X_U{Tj-CI(Uk )}Eﬁ, which shows that
k=1

(X,7,,7,) is pairwise (/ )QHC.

1. = (2). This is obvious, because every ij-regularly
open set is Z-open,

2. = (). Let (X, 7,, 7,, F) be pair iwise (I )QHC.
Let U be any family of ij-regularly-closed subsets
having empty intersection. Then {X -U:Uce %}
is ij-regularly open cover of X and hence admits a
subfamily {X —U, :k=1,2,3,...,n} such that

X—U{Tj-cl(X—Uk)}e S,

= X—O{X—Tj-int(Uk)}E J ,Hence we have

k=1

i -intU,)}e s,

k=1
3. => (4). This is easy to be established.
= (1). Suppose bitopological space (X, Ty, Ty, ﬁ)

is not pairwise quasi-H-closed modulo an ideal. Let U
be any pairwise ij-regularly open cover of X, then

there exists a finite subfamily {Ul U,,Us,....U, }
of U such that

x-Ufwyle s,

k=1
Hence, {X —U :U € %} is family of ij-regularly closed sets
such that {Tj-int(X —U): Ue 62[} has (I) FIP. By
hypothesis, [ {X -U:Uc¢e @(} # ¢. But

X —U{U e %} # ¢, thatis, U is not ij-regularly open cover
of X, a contradiction.
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