ISSN: 0976-3031

Available Online at http://www.recentscientific.com
CODEN: IJRSFP (USA)

International Journal of Recent Scientific Research
Vol. 8, Issue, 6, pp. 17886-17887, June, 2017

International Journal of
Recent Scientific
Research

DOI: 10.24327/1JRSR

Research Article
NEW TYPE OF FIXED POINT THEOREM IN A COMPLETE CONE METRIC SPACE

Manoj Garg*

Department and Research Centre of Mathematics, Nehru Degree College, Chhibramau,
Kannauj, U.P., India

ARTICLE INFO ABSTRACT

Article History:

Received 17" March, 2017
Received in revised form 12
Avpril, 2017

Accepted 04™ May, 2017
Published online 28™ June, 2017

space.

Key Words:

Cone metric space; Fixed points;
Contractive mapping.

In this paper we prove a generalized fixed point theorem of contraction mapping on cone metric

Copyright © Manoj Garg, 2017, this is an open-access article distributed under the terms of the Creative Commons
Attribution License, which permits unrestricted use, distribution and reproduction in any medium, provided the original work is

properly cited.

INTRODUCTION

Huang and Zhang [5] in 2007 generalized the concept of a
metric space to cone metric space. They replaced the set of real
numbers by an ordered Banach space and obtained some fixed
point theorem. In the present paper we shell establish a more
generalized fixed point theorem of contractive mapping on
cone metric space.

Preliminaries
The following notions have been used to prove the main result.

Definition: Let E be a real Banach Space. A subset P of E is
called cone [5] if and only if

1.P is closed, non empty and P # {o}.
2.a,beR,a,b>0,andx,y € Pimpliesax + by € P.
3.xePand—xeP=x=o.

Definition: The partial ordering [5] < with respect to P ¢ E is
defined by x <y ifand only if y — x € P.

Definition: A cone P is called normal [5] if there is a number k
> o such that for all x, y € E, the inequality
0<x<yimplies x| <k]|y|l

The least positive number k satisfying the above inequality is
called the normal constant [5] of P.
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Definition: Let X be a non empty set. Suppose that the
mapping d: X x X — E Satisfies

(di) 0<d(x,y)forallx,y e Xandd(x,y)=0ifandonly ifx=y.

(d2) d(x,y)=d(y,x)forx,ye X

(d3) d(x,y)<d(x,2)+d(z,y)forallx,y e X.

Then d is called a cone metric [5] on X and (X, d) is called a
Cone metric space [5].

Definition: Let (X, d) be a Cone metric space. Then a sequence

{xn}is

(@) Cauchy sequence [5] if for every ¢ € E with 0 << c,
there is N such that for alln, m > N, d (Xm, Xm) << C.

(b) Convergent sequence [5] if for every ¢ in E with 0 << c,
there is N such that for all n > N, d (x,, X) << ¢ for some
fixed s in X.

Definition: A cone metric space X is said to be complete [5] if
every Cauchy sequences in X is convergent in X.

It is known that (x,) Converges to xe X. if and only it d (X, X)
— 0 as n—oo, Also the limit of a convergent sequence is unique
provided P is a normal cone with normal constant k [5].

Fixed Point Theorem

In this section we shell prove the following fixed point theorem
of contractive mapping.
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Theorem: Let (X, d) be a complete cone metric space, P be a
normal cone with normal constant k. If T; and T, are two
mapping of X into itself such that

d(T (%), T3 () <ked(x, T () + ko d(y, T, (v)).

Where X, y € X, p and q are positive integers, k; > 0, k, > 0, k;
+ Kk, < 1.Then T; and T, have unique and common fixed point
in X,

Proof: Let x € X be arbitrary. First we define a sequence {x,}
in X as follows.

x1= T, (), %= T8 (x0), xs= T, (%), xa= T (xs) and so on.
In general, Xoq + 1= Tlp (X2n) aNd Xo + 1= T (Xan +1)-
Now d(x;, Xo) = d(T; (%), T3 (x0))

or (X1, %) < ked(x, T{ (X)) + ko d(x, T, (x2))
< kgd(X, X1) + Ko d(Xq, X2).
Therefore d(xy, X2) < kj d(X, X1)

Also d(xz, Xs) = d( Ty (x1), T{ (X2)

Or  dix, %) <kadlx, T} (x2)) + ke d(xe, T (xa)).
< kld(Xz, X3) + k2 d(Xl, Xz).

k2 kl
Thus d(Xp, X3) <

d(xq,
1-k, 1-k, (X1, X2)

Putr,= , I2= , We have d(Xz, X3) <111 d(Xy, Xo).

-k, S
Since K; + Ky, < 1, r; and r, < 1 after generalization we have,
d(Xan, Xon+1) < 12 Meveeeen, rprpred (X, Xq)

< 1,1 d (X X))

Similarly d(%n + 1, Xoqe) < 1,715 d (X, Xy).
Since d(Xm, Xm+n) < d(Xm, Xmer) + AKXty Xme2) + ooevvnnnnnn +
d(Xm+n—1a Xm+n)
So for m = 2I, we have
A(Xm, Xmen) é(rzI rl' + r2' r1'+1+ r2'+1 r1'+1+ .............. n terms) x d (X, X1)
<(ryr et et up to infinity) x d (x, X;)
={rr +nn+ 2k Y+0 L+ 2 rl
...... )} xd (X, Xp).
=1, 1" @) x d (X, X,)

— 2

—>ocasl>ocie.m—o o
Similarly, form =21+ 1
1+1

1+1 . 1+1 I .1+2

A0 Xemen) < (Fa 040y 0 ey b2 ) x d (X, X1)
=t @enn+ ik Y+ @+ ]
P24 xd (X X)

(-]
=607 (1) x d (x, X1)

—ocasl—>oci.e.m— .

This shows that {x,} is a Cauchy sequence. Since the space is
complete there exists X, € X such that lim %, =X

We first show that T,” (x0) = Ty (Xo) = Xo.
since d(xo, Ty (X)) < d(xo, %) + A0, Ty (%)
< d(Xo, %) + d( T3 (xeny, T, (Xo)),Where t is taken to be even.

Hence d(xo, T, (X)) < d(%, X)+ ki d(xo, T; (0) + ko d(xes, Tyl (402)

Or  (1-ky) d(xo, Ty (X)) < d(Xo, %) + Ko d(Xe1, X,)

The expression on the right hand side can be made arbitrarily
small by choosing t sufficiently large. Therefore, d(x, Tlp (%)) =0

ie Tlp (Xo) = Xo. Similarly Tlp (Xo) = Xo.

Now we show that X, is unique. For suppose that y, also satisfies

T, o) = T, (yo) = yo.
Then d(Xo, Yo) = d( T, (%), T3 (vo))

<ked(xo, T, (%0) + ko d(¥o, T (Yo))-
SO Xo=VYo

Finally we prove that X, is the common fixed point of T, and T,.
For, T, (o) =% = T, (Tu(X0)) = T, (Xo).

= Tlp (Xo) = Xo. Since Tlp has a unique fixed point X,
Similarly T (Xo) = Xo,
Also X, is the only fixed point of T; and T, For suppose if
possible  zo# Xy and Ty (z0) = T2 (20) = 2o

Then d(Xo, o) =d(T, (%), T, (20))
= d(T; (o), T (20))
<kid(zo, Ty (20) + ko d(xo, T3 (x0)) = 0,
Which implies X = zq,
This completes the proof of the theorem.

Remark: The theorem proved by Huang L. G. and Zhang X. is
a particular case of above theorem if we take g = p = 1; k; = k;
and T, =T,
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