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invariant under a Lie group transformations, a reduction transformation exists. The machinery of the
Key Words: Lie group  theory provides a systematic method to search for these special group invariant
o ) ] ) ) solutions. In this work, | introduce and proved a reduction theorem that will help us to make some
Diffusion Equation- Lie Point symmetric critical reduction answer without having to do any teadious calculation
vector field.
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INTRODUCTION
X = ( s K eereeennnnnneinnnnnes X ) n *: X
Definition:  Let 172 n lie in region DcR * The set of transformations X X(X’ 8)’

ScR, i #(&6)

parameters € and 6 in S, forms a group of transformations on D if:

defined for each X in D, depending on parameter 3 lying in defining a law of composition of

. *
1. For each parameter €1nS the transformations are one-to-one, onto D, in particular X lies in D.

2. S with the law of composition ¢ forms a group G.

x =X when s=e, i.e., X(Y; g):i.

3.
* ** *
— AR - . ** _
If x =X(X;¢), X X(x ; 5), X=X (X :4(2,6)).
4, then
5. € isacontinuous parameter, i.e., S is an interval in R. Without loss of generality ¢=0 corresponds to the identity element

&
6. X is infinitely differentiable with respect to X in D and an analytic function of € in S.

cand o, ¢e€S, 6eS.

7. ¢(8’5) is an analytic function of
*

o . X X, &) .
Definition: The infinitesimal generator of the one-parameter Lie group of transformations ( ' )lstheoperator
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V= e yeeeerrnnnnnan —|;
wherevisthe gradient operator, 8)(1 8X2 8Xn
F(?):F(xl,  S— xn),

for any differentiable function
. _. n __ 0OFx
XF(X):&(X).VF(X):iz‘iéi(X) a)((i )

Definition: The total derivative operator is defined by

D

Definition

Consider an r-parameter Lie group of transformations

* —
X _X(X’ 8) with infinitesimal generators {Xa},a—l,Z, """"" :
defined by
B 8X]-k 8Xj(§;5) _
gaJ(X):K =T 0621,2, ........ I', J:1,2,
(04 £=0 o 0
E=
and

o -
gléaj( )axj’ =12,

X and X

The commutator of ﬂ is a first-order operator

[xa,xﬂ} XX o-X X %

BB =1 5
{%i (X)a_xil[gaj(x)

Dx F(x,y,yl,yz, ......... Yy ) =Fy + yle + y2Fyl +y3Fy2 + e

0

{%x)ai;i}{éﬁj(x)a%j}
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n ééﬁj(x) o¢ j(X)
09= 2 i) —5ﬁi<x>—g‘xi
It immediately follows that

|-y

Exact Solutions to A Nonlinear Diffusion Equation

Consider the radially symmetric nonlinear diffusion equation

8_u: 1 i XN'lua_u ) 1)
First we determine the Lie point symmetry vector fields.
0 0 0 )
Let U=a(x,t,u)—+b(xtu)=+c(xtu)=,
(XtU)=+D(Xtu)=+C(Xtu) =

where a, b and c are unspecified functions of x, t and u. We apply the algorithm that provides the symmetry algebra by constructing
the prolongation of the vector field U,

PréU=U+cXg,  +ctoy +c*¥a, ., ®)
X t XX

Where

X =cy +CyUy- aXuX—qut—auu)z(—bquut, @
t_~ _ ) _ hon2 (5)
C" =Cy —aUy +CyU-byuy —ayuyu -byuyt,

and
XX _ 2 2

C™ =Cyx +2CxUyx - axyUyx - byyUi+ CyyUx - 2axyux

3 2 (6)

The condition of invariance of the equation (1) is

Préu(a)|,_o=0. g

where A:ut—(N—l)x'lu uX—u)Z( - U Uyy. ®)
From (3) and (7) we get,
a((N—l)x'Zqu)+c(—(N—1)x'1uX —Uxx)
9)

+cX (—(N-l)x'lu-2ux)+ct—ucXX =0.
Using (4) — (6) and (8) in (9) we get the following set of determining equations
a=a(x), b=b(t), c=c(u),
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a(N-1) ay(N-1)

2 +axx - O, (10)
X
b.-C42a, =0 (12)
t u X !
C_ (12)
Solve the equations (10) —(12) we get the three symmetry vector fields,
0 X 0 0 8 0 0
B, = B, =- -u—, B,= +(N+2)t=——uN—.
176t' 27 26x ou 3 8 + ) ot ou
These fields form a Lie algebra.
Then the similarity solutions of the form
uzt-N/N+2 f(77), (16)
where n=xt"¥N+2 a0
Using (16) and (17) in (1) we get
-1 N-
N+2 77 f=n 1f —+0‘ (18)

where ¢ is an arbitrary constant of integration.

When & = O, the solution to (18) is easily determined in closed form. Here we shall obtain the general solution to (18) for & # 0
when N=1 and when N=2.

Exact Solutions: For N=1:

Equation (21) is then the Riccati equation

2
d_77_77__ 22
“dg 6 Y 22)
We write
dg -1 2 d%q
17:—6a—.q' , and obtain the linear equation ba —— =00,

with general solution

g=aAi (Ga ) g |+b Bi (Ga ) gl,

where a and b are arbitrary constants, and Ai and Bi are Airy functions.
Similarity Solution of the In Homogeneous Nonlinear Diffusion Equation
The similarity reduction of the inhomogeneous nonlinear diffusion equation

xP (21: (Xy,t) = a% ( xM yn ux)+/1% (yg ud uy), (1)

where p,q,I,m and n are arbitrary constants , Aisa parameter. First we determine the Lie point symmetry vector fields. Let
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_ 0 0 0 0
U—a(x,y,t,u)a—x+ b(x,y,t,u)@+c(x,y,t,u)a+d (x,y,t,u)ﬁ, )

where a,b,c and d are unspecified functions of x,y,t and u. We apply the algorithm that provides the symmetry algebra by
constructing the prolongation of the vector field U.

Préu=U+d*ay, +c|yauy+c|taut +d %oy +dWauyy, @
where

dY =dy +(du —by)uy —ayUy —ayUyUy —buug, —CyU; —CylyUy, (5)
d' =d, +(dy —ct)ut—atux-auuxut—btuy—buutuy—cuutz, 6)

dXX =dyy +(2dyy —axy )Ux +Uxy (dy —2ay) —Cyx Uy

+U>2<(duu—23xu)—3auuxuxx —ZCxquut—auuu;o’(
—cuuu)z( U —2byUyy-20yUyUyy-Dyyx Uy —2byuxuy
—buuu)z(uy—buuxxuy -2Cx Uy =20 Uy Uy -CiyUxx Uy v
and

d¥Y =dyy +(2dyy —byy )uy +uyy (dy —2by ) —cyyuy
2

2

2 (8)

—ayUyyUy 'ZCyUyt'ZCquUyt'CquyUt-
The condition of invariance of the equation (1) is

Préu(a)| ,_q=0. ©)

From (3) and (9) we get,
‘m(m-1-p)x ™2 Puly - n(m-p) M1 xMPLy2_(m-p)x™P-L
+pary’ '1uquyx'|0'1 + plquq'lyf u32/x'p'1 +pay’ uquyyx'p'1

+b(-M (¢-1) yg'zuquyx'p-Aqfuq'lyg'luyzlx'p-Myf'luquyyx'pj

n
U Uy

d mnx™ APy o (n-2)u2xMPug xRy
+
qry! Tty yXP-2q(0-1) ud2y! u%x'p _agyludly ¥ P
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+dX (-mxm'l'pun —2nu™ 1M Py, j +dY (-Myg'luqx'p-Zﬂ,quq'lyguyx'p)

+dt 4 gXX (_Xm-pun )+dyy(—}ty£uqx'p)= 0.

Using (4)-(8) and (9) in the above equation we get the following set of determining equations

) max am
axx T+X—2 =0, (10)
nd ndu
— U =0,
w2 u W (11)
-M-d_n+ ZaX_Ct =0, (12)
X u
20, +94 - dq _
2d, b by
+ —=+—2+/b\,=0. 14
Solve the equations (10)-(14), we get
_ 2, nc, - oc tic. d=
a= p_m+2 X- p_m+2 X, —cly, c= C2 03, —-clu,

where ¢y, C, , Cs are arbitrary constants and p-m+2=v. Then the similarity solution and the Similarity variable are given by

v A\
u=x"F(s), s=t+yx".

CONCLUSION

In this paper | have introduced a new theorem studied the solutions of nonlinear diffusion equations by applying Lie symmetry
method and derived the exact solutions of a similarity solution of the inhomogeneous nonlinear diffusion equation and compared
the results in various cases.
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