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INTRODUCTION 
 

The first documented work on Kronecker products was written by Johann Georg Zehfuss between 1858 and 1868. He established 
the determinant result |A	⨂ܤ| =  .are square matrices of dimension a and b, respectively ܤ and ܣ , where|ܤ||ܣ|
Zehfuss was acknowledged by Muir (1881) and his followers, who called the determinant |A	⨂ܤ|  the Zehfuss determinant of ܣ and 
 In 1880’s Kronecker gave a series of lectures in Berlin, where he introduced the result to his students [5]. In 1890’s Harwitz and .ܤ
stephanos developed the determinant equality and other results involving Kronecker products. 
 

The Kronecker product has a rich and very pleasing algebra that supports a wide range of fast, elegant and practical algorithms. 
Several trends in scientific computing suggest that this important matrix operation will have an increasingly greater role to play in 
the future [9]. 
 

The algebra of the Kronecker products of matrices is recapitulated using a notation that reveals the tensor structures of the matrices 
[7]. The generalized matrix product allows a wide family of unitary matrices to be developed from a single recursion formula [6]. 
Anna Lee has initiated the study of secondary symmetric matrices. Also she has shown that for a complex matrix A, the usual 
transpose ்ܣand secondary transpose ܣ௦ are related as ܣ௦ =  where ‘ܸ’ is the permutation matrix with units in its secondary ,்ܸܣܸ
diagonal. 
 

Notations: Let ܥ× be the space of ݊݊ݔ complex matrices of order n. For  ܣ ∈ ்ܣ ௫.  Letܥ  ,௦ denote transposeܣ ,∗ܣ , ܣ̅	,
conjugate, conjugate transpose, secondary transpose of a matrix ܣ respectively. Also the permutation matrix ܸsatisfies ்ܸ = തܸ =
ܸ∗ = ܸandܸଶ =  ܫ
 

A matrix ܣ ∈ ∗ܣܣ × is called unitary ifܥ = 	 	ܣ∗ܣ =  [8]  ܫ
A matrix ܣ ∈ ∗ܣܣ × is called normal ifܥ = 	  [3]  	ܣ∗ܣ
A matrix ܣ ∈ ∗ܣܣ × is called conjugate normal ifܥ = 	  തതതതത   [1]ܣ∗ܣ
A matrix ܣ ∈ ∗ܣܣ × is called is called conjugate unitary ifܥ = 	 തതതതതܣ∗ܣ 	=  [2]  ܫ
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Matrices  ܤ,ܣ  is called Kronecker product of matrix [4] ܤ⨂ ܣ  then	×	ܥ ∋
 

Kronecker Product of Conjugate Unitary Matrices 
 

Definition: Given two matrices  ܤ, ܣ   then the Kronecker Product	×	ܥ ∋
 

(tensor product or direct product ) is defined as the matrix 
 

ܤ⨂ ܣ =  
ܽଵଵܤ … ܽଵܤ
⋮ … ⋮

ܽଵܤ … ܽܤ
൩ ∈ ܥ	×	 

 

Theorem:  If ܤ,ܣ 	×	ܥ ∋  are conjugate unitary matrices then the Kronecker product 
 

  .is conjugate unitary matrix  ܤ⨂ ܣ
 

Proof:  Let  ܤ,ܣ  . are conjugate unitary matrices	×	ܥ ∋
∗ܣܣ ⟹              = തതതതതܣ∗ܣ = ∗ܤܤ    and  ܫ = തതതതതܤ∗ܤ =    ܫ
 

Case (i) (ܣ	ܤ⨂)(ܣ	ܤ⨂)∗ =   (∗ܤ⨂∗ܣ)(ܤ⨂	ܣ)
                                          =         (∗ܤܤ)⨂(∗ܣ	ܣ)
																																																= ∵	) ܫ⨂ܫ ∗ܣܣ = തതതതതܣ∗ܣ = ∗ܤܤ  and ܫ = തതതതതܤ∗ܤ =    (ܫ
                                          =  ܫ
 

Case (ii) (ܣ	ܤ⨂)∗(ܣ	ܤ⨂)തതതതതതതതതതതതതതതതതതതതത =  തതതതതതതതതതതതതതതതതതതതത(ܤ⨂	ܣ)(∗ܤ⨂∗ܣ)
                                            =    തതതതതതതതതതതതതതതതതതത(ܤ∗ܤ)⨂(ܣ∗ܣ	)
= ∵	) 	തതതതതܫ⨂ܫ ∗ܣܣ = തതതതതܣ∗ܣ = ∗ܤܤ  and  ܫ = തതതതതܤ∗ܤ =    (ܫ
                                                 = ∵	)        ̅ ܫ 	 ܫ ̅ 			=    (ܫ
                                                 =     ܫ
 

 Therefore, in both cases, we have  (ܣ	ܤ⨂)(ܣ	ܤ⨂)∗ = തതതതതതതതതതതതതതതതതതതതത(ܤ⨂	ܣ)∗(ܤ⨂	ܣ) =  ܫ
 .is conjugate unitary matrix (ܤ⨂	ܣ) ⟹   
 

Theorem: If A∈   be identity matrix thenܫ × is a conjugate unitary matrices andܥ
 

ܣ⨂ܫ =diag[ܣ⋯,ܣ,ܣ,ܣ] 
 

Proof: Let A∈   be the identity matrix thenܫ × be a conjugate unitary matrix andܥ
 

ܣ⨂ܫ = 
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

൩⨂ܣ 

= 
ܣ.1 ⋯ ܣ.0
⋮ ⋱ ⋮

ܣ.0 ⋯ ܣ.1
൩  (by using kronecker product) 

= 
ܣ ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ܣ

൩ 

=diag[ܣ⋯,ܣ,ܣ,ܣ] 
 
Theorem: If ܤ, ܣ 	×	ܥ ∋  are conjugate unitary matrices then the Kronecker product  
  .is conjugate unitary matrix (∗ܤ⨂	∗ܣ)
 

Proof:  Let ܤ,ܣ 	×	ܥ ∋  are conjugate unitary matrices. 
∗ܣܣ ⟹              = തതതതതܣ∗ܣ = ∗ܤܤ    and  ܫ = തതതതതܤ∗ܤ =    ܫ
 

Case (i) (∗ܣ	ܤ⨂∗)(∗ܣ	ܤ⨂∗)∗ 	=   (∗(∗ܤ)⨂∗(∗ܣ))(∗ܤ⨂	∗ܣ)
                                                 = ∵	)     (ܤ⨂	ܣ) (∗ܤ⨂∗ܣ) ∗(∗ܣ) = ∗(∗ܤ) and ܣ =  (ܤ
                                                 =  (ܤ∗ܤ)⨂(ܣ∗ܣ	)
                                                 = ∵	)   ܫ⨂ܫ ∗ܣܣ = തതതതതܣ∗ܣ = ∗ܤܤ    and  ܫ = തതതതതܤ∗ܤ =    (ܫ
                                                 =  ܫ
 

Case (ii) (ܤ⨂∗ܣ∗)∗(∗ܣ	ܤ⨂∗)തതതതതതതതതതതതതതതതതതതതതതതതത  =  തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത(∗ܤ⨂	∗ܣ)(∗(∗ܤ)⨂∗(∗ܣ))
                                                  = ∵	)    തതതതതതതതതതതതതതതതതതതതത(∗ܤ⨂∗ܣ)(ܤ⨂	ܣ) ∗(∗ܣ) = ∗(∗ܤ) and ܣ =  (ܤ
                                                			=  തതതതതതതതതതതതതതതതതതത(∗ܤܤ)⨂(∗ܣ	ܣ)
                                                  = ∵	)    തതതതതܫ⨂ܫ ∗ܣܣ = തതതതതܣ∗ܣ = ∗ܤܤ   and  ܫ = തതതതതܤ∗ܤ =    (ܫ
                                                 			= ∵	)        ̅ ܫ 	 ܫ ̅ 			=    (ܫ
                                                    =     ܫ
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Therefore, in both cases, we have  (∗ܣ	ܤ⨂∗)(∗ܣ	ܤ⨂∗)∗ = തതതതതതതതതതതതതതതതതതതതതതതതത(∗ܤ⨂	∗ܣ)∗(∗ܤ⨂∗ܣ) =     ܫ
 .is conjugate unitary matrix (∗ܤ⨂	∗ܣ) ⟹
 

Theorem: If  ܦ,ܥ,ܤ,ܣ    are conjugate unitary matrices, then the	×	ܥ ∋
Kronecker product ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯ is conjugate unitary matrix. 
 

Proof: Let ܦ,ܥ,ܤ,ܣ  . are conjugate unitary matrices	௫	ܥ ∋
∗ܣܣ  ⟹              = തതതതതܣ∗ܣ = ∗ܤܤ ,ܫ = തതതതതܤ∗ܤ = ∗ܥܥ ,  ܫ = തതതതതܥ∗ܥ = ∗ܦܦ    and  ܫ = തതതതതതܦ∗ܦ =   ܫ
   

Case (i) ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯∗ 	= ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯((ܥ	ܦ⨂)∗(ܣ	ܤ⨂)∗) 
= ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯൫(∗ܥ	ܦ⨂∗)(∗ܣ	ܤ⨂∗)൯ 
= ൫(ܣ	ܥ)⨂(ܦܤ)൯൫(ܣ∗ܥ∗)⨂(ܤ∗ܦ∗)൯ 
= ൫(ܣ	ܥ)(ܣ∗ܥ∗)൯⨂൫(ܦܤ)(ܤ∗ܦ∗)൯ 
=  (∗ܤ(∗ܦܦ)ܤ)⨂(∗ܣ(∗ܥܥ)ܣ)
= ∗ܥܥ ∵) (∗ܤܤ)⨂(∗ܣܣ) = തതതതതܥ∗ܥ =I &ܦܦ∗ = തതതതതതܦ∗ܦ =  (	ܫ
= ∗ܣܣ ∵)  ܫ⨂ܫ = തതതതതܣ∗ܣ = ∗ܤܤ & ܫ = തതതതതܤ∗ܤ =  (ܫ
=  ܫ
 

Case (ii) ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯∗൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത =  ൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത(ܦ⨂	ܥ)(ܤ⨂	ܣ)൫(∗(ܤ⨂	ܣ)∗(ܦ⨂	ܥ))
= ൫(∗ܥ	ܦ⨂∗)(∗ܣ	ܤ⨂∗)൯൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 
= ൫(ܣ∗ܥ∗)⨂(ܤ∗ܦ∗)൯൫(ܣ	ܥ)⨂(ܦܤ)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 
= ൫(ܣ∗ܥ∗)(ܣ	ܥ)൯⨂൫(ܤ∗ܦ∗)(ܦܤ)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 
 തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത(ܦ(ܤ∗ܤ)∗ܦ)⨂(ܥ(ܣ∗ܣ)∗ܥ) =
∗ܣܣ ∵) തതതതതതതതതതതതതതതതതത(ܦ∗ܦ)⨂(ܥ∗ܥ) = = തതതതതܣ∗ܣ = ∗ܤܤ&	ܫ = തതതതതܤ∗ܤ =  (ܫ
= ∗ܥܥ ∵)   ܫ  ⨂ ܫ = തതതതതܥ∗ܥ =I & ܦܦ∗ = തതതതതതܦ∗ܦ =  (	ܫ
=  ܫ

Therefore, in both cases, we have ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯∗ = ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯∗൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത =  ܫ
 ⟹ ൫(ܣ	ܤ⨂)(ܥ	ܦ⨂)൯ is conjugate unitary matrix. 
 

Theorem: If  ܤ,ܣ 	×	ܥ ∋  are conjugate unitary matrices, then the Kronecker product (ܣ௦⨂ܤ௦) is conjugate unitary matrix. 
 

Proof: Let ܤ,ܣ  . are conjugate unitary matrices	×	ܥ ∋
 

∗ܣܣ ⟹ = തതതതതܣ∗ܣ = ∗ܤܤ  and ܫ = തതതതതܤ∗ܤ =    ܫ
 

Case (i) (ܣ௦⨂ܤ௦)൫(ܣ௦⨂ܤ௦)൯∗ = (ܣ௦⨂ܤ௦)((ܣ௦)∗⨂(ܤ௦)∗) 
 (௦(∗ܤ)⨂௦(∗ܣ))(௦ܤ⨂௦ܣ) =
 (௦(∗ܤ)௦ܤ⨂௦(∗ܣ)௦ܣ) =
 (௦(ܤ∗ܤ)⨂௦(ܣ∗ܣ)) =
∵	)    (௦ܫ⨂௦ܫ) = ∗ܣܣ = തതതതതܣ∗ܣ = ∗ܤܤ    and  ܫ = തതതതതܤ∗ܤ =  (ܫ
∵	)           (ܫ⨂ܫ) = ௦ܫ =  (ܫ
=  ܫ
 

Case (ii) ൫(ܣ௦⨂ܤ௦)൯∗(ܣ௦⨂ܤ௦)		തതതതതതതതതതതതതതതതതതതതതതതതതതതതത =  ((ܣ௦)∗⨂(ܤ௦)∗)(ܣ௦⨂ܤ௦)തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത        
 തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത(௦ܤ⨂௦ܣ)(௦(∗ܤ)⨂௦(∗ܣ))  =
 തതതതതതതതതതതതതതതതതതതതതതതതതത(௦ܤ௦(∗ܤ)⨂௦ܣ௦(∗ܣ))  =
 തതതതതതതതതതതതതതതതതതതതതതത(௦(∗ܤܤ)⨂௦(∗ܣܣ))  =
∵	)        തതതതതതതതതത(௦ܫ⨂௦ܫ)  = ∗ܣܣ = തതതതതܣ∗ܣ = ∗ܤܤ    and  ܫ = തതതതതܤ∗ܤ =  (ܫ
∵	)           തതതതതതതത(ܫ⨂ܫ)  = ௦ܫ =  (ܫ
̅ ܫ  =
= ∵	)                     ܫ 	 ܫ ̅ 			=  (ܫ

 

Therefore, in both cases, we have (ܣ௦⨂ܤ௦)൫(ܣ௦⨂ܤ௦)൯∗ = ൫(ܣ௦⨂ܤ௦)൯∗(ܣ௦⨂ܤ௦)		തതതതതതതതതതതതതതതതതതതതതതതതതതതതത =  ܫ
 .is conjugate unitary matrix (௦ܤ⨂௦ܣ) ⟹
 

Theorem: If ܤ,ܣ  is (ܤܸ⨂	ܣܸ)  are conjugate unitary matrices and ܸ is a permutation matrix then the Kronecker product	×	ܥ ∋
conjugate unitary matrix.  
 

Proof:  Let  ܤ,ܣ  . are conjugate unitary matrices	×	ܥ ∋
∗ܣܣ ⟹              = തതതതതܣ∗ܣ = ∗ܤܤ    and  ܫ = തതതതതܤ∗ܤ =    ܫ
 

Case (i) (ܸܣ	ܤܸ⨂)൫(ܸܣ	ܤܸ⨂)൯∗ =  (∗(ܤܸ)⨂∗(ܣܸ))(ܤܸ⨂	ܣܸ)
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=  (∗ܸ∗ܤ⨂∗ܸ∗ܣ)(ܤܸ⨂	ܣܸ)
= ∵	)       (ܸ∗ܤ⨂ܸ∗ܣ)(ܤܸ⨂	ܣܸ) ܸ∗ = ܸ) 
= ൫(ܸܣ)(ܣ∗ܸ)൯ ⨂൫(ܸܤ)(ܤ∗ܸ)൯ 
=  (ܸ(∗ܤܤ)ܸ)⨂ (ܸ(∗ܣܣ)ܸ)
= (ܸܸ) ⨂(ܸܸ)  (		∵ ∗ܣܣ	 = തതതതതܣ∗ܣ = ∗ܤܤ		and		ܫ = തതതതതܤ∗ܤ =  (ܫ
= ܸଶ  ⨂ܸଶ 
= ∵	)   ܫ⨂ܫ ܸଶ =  (ܫ
=  ܫ
 

Case (ii) ൫(ܸܣ	ܤܸ⨂)൯∗(ܸܣ	ܤܸ⨂)	തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത = 	 ൫(ܸܣ)∗⨂(ܸܤ)∗(ܸܣ	ܤܸ⨂)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 
= ൫((ܸܣ)∗ܸܣ)⨂((ܸܤ)∗ܸܤ)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 
= ൫((ܣ∗ܸ∗)ܸܣ)⨂((ܤ∗ܸ∗)ܸܤ)൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 
= ൫(ܣ(ܸ∗ܸ)∗ܣ)⨂(ܤ(ܸ∗ܸ)∗ܤ൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 
= ൫(ܣ(ܸܸ)∗ܣ)⨂(ܤ(ܸܸ)∗ܤ൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത     (	∵ ܸ∗ =  (ܫ
= ൫(ܣ∗ܸଶܣ)⨂(ܤ∗ܸଶܤ൯തതതതതതതതതതതതതതതതതതതതതതതതതത 
= ൫(ܣ∗ܣ)⨂(ܤ∗ܤ൯തതതതതതതതതതതതതതതതതതതത      (	∵ ܸଶ =  (ܫ
= ∵		) 	തതതതതതതത(ܫ⨂ܫ) ∗ܣܣ	 = തതതതതܣ∗ܣ = ∗ܤܤ				and		ܫ = തതതതതܤ∗ܤ =  (ܫ
̅ ܫ  =
= ∵	)  ܫ 	 ܫ ̅ 			=  (ܫ
 

Therefore, in both cases, we have (ܸܣ	ܤܸ⨂)൫(ܸܣ	ܤܸ⨂)൯∗ = 	 ൫(ܸܣ	ܤܸ⨂)൯∗(ܸܣ	ܤܸ⨂)	തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത  =  ܫ
 .is conjugate unitary matrix (ܤܸ⨂	ܣܸ) ⟹
 

Theorem: Let ܥ,ܤ,ܣ and  ܦ ∈ (ܦ⨂	ܥ)(ܤ⨂	ܣ)    × are conjugate unitary matrices thenܥ =  (ܦܤ)⨂(ܥܣ)
 

Proof:	(ܣ	ܤ⨂)(ܥ	ܦ⨂) = 
ܽଵଵܤ ⋯ ܽଵܤ
⋮ ⋯ ⋮

ܽଵܤ ⋯ ܽܤ
൩ 
ܿଵଵܦ ⋯ ܿଵܦ
⋮ ⋯ ⋮

ܿଵܦ ⋯ ܿܦ
൩ 

                                       = 
∑ [ܽଵܿଵܦܤ]
ୀଵ ⋯ ∑ [ܽଵܿܦܤ]

ୀଵ
⋮ ⋯ ⋮

∑ [ܽܿଵܦܤ]
ୀଵ ⋯ ∑ [ܽܿܦܤ]

ୀଵ

൩ 

                                      = 
∑ [ܽଵܿଵ]
ୀଵ ⋯ ∑ [ܽଵܿ]

ୀଵ
⋮ ⋯ ⋮

∑ [ܽܿଵ]
ୀଵ ⋯ ∑ [ܽܿ]

ୀଵ

൩⨂ܦܤ 

																																															∴ (ܦ⨂	ܥ)(ܤ⨂	ܣ) =  (ܦܤ)⨂(ܥܣ)
 

Theorem: If ܣଵ,ܣଶ,⋯ ଶܤ,ଵܤ  andܣ, ,⋯   are sequence of conjugate unitary matricesܤ,
                             in ܥ×, then (ܣଵ⨂ܤଵ)(ܣଶ⨂ܤଶ)⋯ (ܤ⨂ܣ) =  .(ܤ⋯ଶܤଵܤ)⨂(ܣ⋯ଶܣଵܣ)
 

Theorem: If ܣଵ,ܣଶ,⋯ ଵܤ  andܣ, ⋯,ଶܤ,  ×, thenܥ	 are sequence of conjugate unitary  matrices inܤ,
(ܤ⨂⋯⨂ଶܤ⨂ଵܤ)(ܣ⨂⋯⨂ଶܣ⨂ଵܣ) = 	          (ܤܣ)⨂⋯⨂(ଶܤଶܣ)⨂(ଵܤଵܣ)
                   

Theorem: If ܣ	and ܤ	are conjugate unitary matrices in ܥ× , then (ܣ	ܤ⨂) is conjugate normal.           
 

Proof: Given that ܣ	and ܤ	are conjugate unitary matrices in ܥ×. 
 .are conjugate normal  matrices	ܤ and	ܣ  ⟹            
 

That is  ܣܣ∗ = ∗ܤܤ  തതതതത andܣ∗ܣ =    തതതതതܤ∗ܤ
 

We have show that (ܣ	ܤ⨂)(ܣ	ܤ⨂)∗ =  തതതതതതതതതതതതതതതതതതതതത(ܤ⨂	ܣ)∗(ܤ⨂	ܣ)
Case (i) (ܣ	ܤ⨂)(ܣ	ܤ⨂)∗ 	=   (∗ܤ⨂∗ܣ)(ܤ⨂	ܣ)
                                                  =         (∗ܤܤ)⨂(∗ܣ	ܣ)
Case (ii) (ܣ	ܤ⨂)∗(ܣ	ܤ⨂)തതതതതതതതതതതതതതതതതതതതത =  തതതതതതതതതതതതതതതതതതതതത(ܤ⨂	ܣ)(∗ܤ⨂∗ܣ)
                                                 =   തതതതതതതതതതതതതതതതതതത(ܤ∗ܤ)⨂(ܣ∗ܣ	)
                                                 =  (തതതതതܤ∗ܤ)⨂(	തതതതതܣ∗ܣ)
                                                 = ∵	)     (∗ܤܤ)⨂(∗ܣܣ) ∗ܣܣ = ∗ܤܤ  തതതതത  andܣ∗ܣ =                                                                 (തതതതതܤ∗ܤ
 

Therefore, in both cases, we have  (ܣ	ܤ⨂)(ܣ	ܤ⨂)∗ =  തതതതതതതതതതതതതതതതതതതതത(ܤ⨂	ܣ)∗(ܤ⨂	ܣ)
 .is conjugate normal matrix (ܤ⨂	ܣ) ⟹   
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CONCLUSION 
 

The Kronecker product of conjugate unitary matrix was defined and theorems related Kronecker product of conjugate unitary 
matrices are derived. This concept may be applied to secondary transpose and conjugate transpose of matrices. 
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