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INTRODUCTION

Problem of Stability with delay-differential systems with an emphasis on Lyapunov methods by framing LMIs ,These LMI
techniques have seen more investigation and have emerged as powerful design tools in the areas ranging from control engineering
to system identification, structural design and also other engineering systems.

LMI techniques very useful because A variety of design specification and constraints can be expressed as LMIs, Once formulated in
the LMIs, a problem can be solved exactly by Using MATLAB LMI tool box, YALMIP tool box and also by convex optimization
problems.

While most of the engineering or control system problems with multiple constraints or objectives and it is difficult to getting
analytical solutions in terms of matrix equations, they can solve efficiently in the LMI frame work. This makes LMI-based design
problems a valuable alternative to remaining classical analytical method.

In this journey here we continued the analysis of stability of neutral delay differential systems by referring some of the literature as
follows Ref. [11] P. Balasubramaniam and et.al are worked on Leakage delays in T-S fuzzy cellular neural networks systems by
using LMI approach and compared results with existing literature, Ref. [3] Pin-Lin-Liu worked on further results on the exponential
stability criteria for time delay singular systems with delay-dependence and shows the more conserved results than the earlier
literature solutions existing in control journal. Ref. [7, 8, 9] researchers are worked on to give the improved results for the time
delay systems, continuation of this Ref. [5] Liu and SU studied about the stability analysis and they given one or more choice by an
Lyapunov method to get the best results for time delay systems of equation and Ref. [2] Liu continued the work by Lyapunov
method and compared the results with earlier literature. On the other hand Chang-Hua Ref. [1] is improved the results which is
existing Ref. [5] by using Lyapunov-karovaski method and given four numerical examples to show their improved results. Ref[4]
researcher given the results for neutral delay differential systems continuation of this here we continued the work on stability of the
system of equations.
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To solve the problems of neutral delay differential equation, LMI formation using Lyapunov function is a best method. It will give
us more conserved results than any other methods, methodology of Lyapunov method to analyze stability of a system as follows.

Consider the linear system

x(t) = Ax(t) )
Where A € R™" and x(t) € R™. Assume that (1) has equilibrium X=0

Definition 1.1 Asymptotically Stable

Let X = 0 be an equilibrium point of X = £(X),let V: R™ — R be a continuously differentiable function such that:

1. v(0)=0
2. V(X(t)) >0
3. V(X(t) <0 )

This leads to the celebrated theorem of Lyapunov of (1).

Theorem 1.2 (Lyapunov second Theorem on R) Given system (1) with equilibrium X=0, if there exists an Lyapunov function V,
then X=0 is Lyapunov stable. Furthermore, if V(X (t)) < 0, then X=0 is asymptotically stable.

The power of Theorem 1.2 is that one can make conclusions about trajectories of a system (1) without actually solving the
differential equation. For the system(1), a common choice of Lyapunov function candidate is the quadratic form,

By choosing Lyapunov function V(X) = XTPX ,P > 0, Where X=x(t) (3)
Then derivative analyses are V = XTPX + XTPX

=XTATPX + XTPAX

=XT(ATP + PA)X 4)
The quadratic form of this derivative proves, if the central quantity satisfies
ATP+PA<0 ()
V(X) <0 (6)

It shows that the given systems of equations are asymptotically stable and the corresponding conservative results.
By continue of this methods here we continued the work on improve the stability of a neutral delay differential systems.

Remark: In this article to prove Theoreml along with the definition of Asymptotic stability and Lyapunov theory we are
considering following two Lemma’s to improve the solutions of the Neutral Delay-Differential systems.

Lemma 1.3. [18]For any positive semi-definite matrices
X11 X12 X13
X=|X X;» Xp3[=0 @)
X, XL X33
The following integral inequality holds
X111 X2 Xis x(t)
— [ AT () Xa3k(s) < [, IT(@) xT(E—h) &) | X' Xep  Xos||x(t—h)|ds (®)
X" X" o[ x(s)
We now present a delay-dependent criterion for asymptotic stability of the systems (1).
Lemma 1.4 [19]The following matrix inequality

Q) S)
ST(x) R(x)

Where Q(x) = Q7 (x), R(x) = RT(x) and S(x)depend af finely on x, is equivalent to
R(x) <0
Q(x) <0

And
Q(x) —=S()R'(x)S"(x) <0 (10)
This Lemma also called as Schur-complement Lemma.

]<o 9)
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MAIN RESULT

Consider a Neutral delay-differential system of the form

x(t) = Ax(t) + Bx(t — h) + Cx(t — h) (11)
With the initial condition function

x(t, + 0) = 0(0), for all 8 € (—h,0) (12)

x(t) € R™is the state vector, A,Band C € R™™ are constant matrices, h is a positive constant time-delay, @(.)is the given
continuously differentiable function on (—h, 0),and the system matrix A is assumed to be a Hurwitz matrix.

The system given in (11) often appears in the theory of automatic control or population dynamics. First, we establish a delay-
independent criterion, for the asymptotic stability of the delay-differential system (11) using Lyapunov method in terms of LMI.

Theorem 2. 1: For a given Scalar h > 0,the neutral delay differential System (11) is asymptotically stable if there exist positive-
definite symmetric matrices P = PT > 0, R = RT > 0 are of appropriate dimensions and a positive semi-definite MatrixX =
X1 Xz Xi3 b1 P12 b3
X%, X5, X,3| = 0 such that the following LMIs hold: [(1521 bos qbzgl < Oand[R — X33] >0
Xir3 Xér3 X33 ¢31 ¢32 ¢33
where

11 =ATP+PA+ATA+ R+ hATAR + hX,, + Xy3 + X;5"
¢1, = PB+ATB+ ATBhR + hX,, + X,5" — X5

¢13 = PC+ATC + hATCR

¢,1 =BTP+ BTA+ BTAhR + hX,," + X,5 — X15"

¢, =BTB— R+ hBTBR + hX,, — X,5 — X,3"

¢,3 =BTC + hRBTC

¢3, =CTP+CTA+ hCTAR

¢s, = CTB+hCTBR

¢33 =CTC—1+hCTCR

Proof: Consider the Delay differential system (11), using the Lyapunov- Krasovskii functional candidate in the following form, we
can write

V=v+v,+v;+v, (13)
Where

v, = xT(t)Px(t) (14)
v, = f_oh xT(t + s)x(t + s)ds (15)
vy = f_oh xT(t + s)Rx(t + s)ds (16)
v, = f_oh f;a xT(s)Rx(s)dsd6 (17)

The time derivative of V along the solution of (11) is given by

V=19, +v,+v; +7, (18)
Where x, x;, X, denote x(t), x(t — h), x(t — h)respectively. From 14 , 15,16 &17 we obtain
vy = xT(ATP + PA)x + 2x"PBx), + 2xTPCx), (19)
v, = XTx — %, %y,

=xT AT Ax + x} BT Bx;, + x,," CT Cx), + 2xT A" Bx,, + 2xT AT Cx}, + 2x} BT Cx), — x} %, (20)
v = xTRx — x,"Rx,, (21)
vy = AThR = [, &7 (5) X33%(s) = f_, 27 () (R = X33)3(s) (22)
where

X111 X2 Xis x(t)
— [ XT(©) X3 k() < [T (@) xT(E—h) AT |Xie| Koz Xos|[x(t = B)|ds
X" X" o[ x(s)
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Then

v, = xTATAhRx + xT AT BhRx,, + xT AT ChRxX), + x,BTAhRx + x] BTBhRx,, + x} BT ChRx%, + XL CTAhRx + %} C" BhRx), +

XL CTChR%y, + xT[hXyy + Xi5 + Xo3" | + xT[RX5 — Xi3 + Xp5 | + 2] [AX 1T + Xp3 — Xi5" | + xF [ Xoy — Xo3 — Xp53" |2 —
t . .

ft_th(S) (R — X33)x(s) (23)

Total Derivative becomes

V = xT(ATP + PA)x + 2x" PBx;, + 2x" PCx, + xT AT Ax + x] BT Bx), + x;," CTCxy, + 2xT AT Bx), + 2x" AT Cx), + 2x} BT Cx), —

xTx, + xTRx — x, " Rxy, + xTATAhRx + xT AT BhRx,, + xT ATChRX), + x,,BT AhRx + x} BT BhRx,, + x} BT ChR% +

X7 CTAhRx + %[ CTBhRx;, + XL CTChR%y, + xT[hXy; + Xy3 + Xy37 |x + xT[AXy, — X5 + X3 " |xn + XL [nX 1,7 + Xpg — X5 |+

t . .
xXh [RX52 = Xoz — Xo3" oy — [, 27 (s) (R = X33)%(s) (24)

t

Can be written as

T

x(t) b1 P12 b3 x(t)
x(t—h) [¢21 b2z ¢23l x(t—h)| <0 (25)
X(t—h)| lds1 3z P33l [x(E—h)

where

11 =ATP+PA+ATA+ R+ hATAR + hX,, + Xy3 + X;5"

¢1, = PB+ATB+ ATBhR + hX,, + X,5" — X5

¢13 = PC+ATC + hATCR

¢,1 =BTP+ BTA+ BTAhR + hX,," + X,5 — X15"

¢, =BTB— R+ hBTBR + hX,, — X,3 — X,3"

¢,3 = BTC + hRB'C

¢31 =CTP+ CTA+ hCTAR

¢3, = CTB+hCTBR

¢33 =CTC—1+hCTCR

and(R — X33) >0 (26)
Hence Proved.

Numerical Examples

To illustrate the improvement of our proposed method, we present the following two simulation examples.
Example 1

Consider the following system:
x(t) = Ax(t) + B x(t — 1) (27)
Where

a=2% LlB=[ j|n=01

By solving LMI proposed in the Theorem.1, a following feasible solution is obtained by using YALMIP toolbox
48717 1.4161] R= [3.4964 —0.2506] X.. = [3.4422 —0.0664
14161  4.4256l -0.2506 1.6330 """ 1-0.0664 27230 [

X :[3.5864 —0.8307] X :[4.3431 1.3003] X :[3.6309 —0.4225
1271 08307 383431713 13003 057141'722 7104225 35854

X :[2.0700 0.2117] X :[ 17482 —0.1253
23 7 10.2117 4.30461' "33 —0.1253 0.8165

and maximum upper bounded value is 0.44223

|

The obtained result shows that the delayed differential system is asymptotically stable.

Example 2

Consider the following system:

x(t) = A x(h) + B x(t — h) + Cx(t — h) (28)
Where
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a=|

2

o _oelB=[0] Sle=[97 o Jneos

By solving LMI proposed in the Theorem.1, a following feasible solution is obtained by using YALMIP toolbox

P=10e+07+|

X11

X5 =1.0e407 %]

X55 =1.0e+07 %]

= 1.0e+07 « |

3.6883 2.1207] R= [3.5648 —3.6638
2.1207 1.6992)" —3.6638 3.5648

26137 0.1038 2.7615 0.0384
0.1038  2.0975 0.0384 2.0614

36023 0.8448 25894 —-0.0763
0.8448 0.9788 —0.0763 2.4098

3.1400 0.9276] X :[ 17824 —1.8319
0.9276 1.20901' 33 —-1.8319 1.7824

|, X1z =1.0e+07%|

| X2z =10e+07 «|

The obtained result shows that the delayed differential system is asymptotically stable.
CONCLUSION

In this paper we study about the sufficient conditions stability of the delay differential systems. The derived conditions are
expressed in terms of LMI using schur-complement lemma and two simulation examples are given to demonstrate of our result with
help of Yalmipmatlab tool box.

References

1.

2.

o s

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Chang-Hua lien. (2001), ‘New stability criterion for a class of uncertain nonlinear neutral time-delay systems’. International
Journal of Systems Science, 2001, volume 32, number 2, pages 215- 219.

Pin-Lin Liu., (2007), ‘Robust stability of interval dynamic systems with multiple time-delays’. Electronics Letters 27th
September 2007 Vol.37 No. 20. DOI: 10. 1049/el: 200 10833.

Pin-Lin Liu (2012).“further results on the exponential stability criteria for time delay singular systems with delay-
dependence’, International Journal of Innovative Computing, Information and Control VVolume 8, Number 6,1ISSN 1349-4198
Ju.H. Park(2000), “Stability analysis for neutral delay-differential systems’, Journal of the Franklin Institute 337, 1-9,

LIU, P.L., and SU,T,J., (1998) ‘Robust stability of interval time delay systems with delay dependence’, systems and control
letters,33,231-239.

M. LIU,(2006)‘Global exponential stability analysis for neutral delay-differential systems: an LMI approach’ International
Journal of Systems Science .Vol. 37, No. 11, 15 pages777-783.

A.Hmamed,(1991)‘Further results on the stability of uncertain time-delay systems’, International Journal of Systems
Science. Volume 22, pages 605-614.

A.Hmamed, (1991).‘Further results on the delay-in dependent asymptotic stability of linear systems’, International
Journal Systems Science. Volume 22, pages 1127-1132.

C.T.Chen, S.D. Lin,(1994) ‘Delay-dependent stability for uncertain time-delay systems’, in: Proc.1994 R.O.C. Automatic
Control Conf.pp.308-310.

Umesha.V., A Brief Survey of Linear Matrix Inequalities. AMEAS-2016 proceedings. page no 03-10, ISBN: 978-93-84935-
77-1.

HUI, G. D., and HU, G. D., (1997) ‘Simple criteria for stability of neutral systems with multiple delays’. International
Journal of Systems Science, 28, 1325 - 1328.

P. Balasubramaniam.et.al. (2011) ‘Leakage Delays in T-S Fuzzy Cellular Neural Networks’. Neural Process Letters (2011)
33:111-136DOI 10.1007/s11063-010-9168-3.

P.L. Liu, (1994) ‘Robust stability for parametrically perturbed linear systems with time-delay’, J. Chinese Inst. Electrical
Eng. 1, 191-197.

SU, J.H., (1994), ‘Further results on the robust stability of linear systems with a single time delay’. Systems and Control
Letters, 23, 375 - 379.

SU, T. J., and HUANG, C. G., 1991, ‘Estimating the delay time for the stability of linear systems’. Journal of Electrical
Engineering, 34, 195-198.

V.Vembarasan and P.Balasubramaniam, (2011) ‘LMI optimization approach on stability for delayed T-S fuzzy systems’.
Conference paperin Mathematical and Computational Models. Copyright © 2011, Narosa Publishing House, New Delhi,
India.

Harsan K. Khllil., (1996) “‘Nonlinear Systems’ Second Edition, Published in Prentice Hall, Upper Saddle River, NJ 07458.,
ISBNO-13-P8U24-8.

P. L. Liu,(2004) ‘Robust exponential stability for uncertain time-varying delay systems with delay dependence’, Journal of
Franklin Institute, vol.346, pp.958-968, 2009.

S. Boyd, L. Ghaoui, E. Feron and V. Balakrishnan,(1994) ‘Linear Matrix Inequalities in System and Control Theory’, SIAM,
PA, 1994.

*kkkkhkkx

19503 |Page



