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INTRODUCTION

Convexity is a common assumption made in Mathematical programming. In recent years, there have been increasing attempts to
weaken the convexity conditions. Consequently, several classes of (generalized) invex functions have been introduced in the
literature. More specifically, the concept of invexity was introduced by Hanson [2], where it is shown that the Kuhn-Tucker
conditions are sufficient for (global) optimality of non-linear programming problems under invexity condition. Weir and Mond [5] -
[6] introduced the concept of pre invex functions and applied it to the establishment of the sufficient optimality conditions and
duality in (multi objective) non-linear programming. Mohan and Neogy [3] shown that, under certain conditions an invex function
is preinvex.

In this paper we further generalized the idea of X.M. Yang, X.M.Yang and K.L. Teo [7] taking into account of four variables
instead of three variables. We introduced several types of generalized invariant monotonicities which are generalization of the
(strict) monotonicity. The main aim of this chapter is to establish relations among generalized invariant monotonicities and
generalized invexities.

Invariant Monotone Maps And Strictly Invariant Monotone Maps

Let I" be non-empty subset of RN, Let n be a vector valued function from X x X x X x X into R" (X < R") and Let F be a vector
function from I into R" x RN x R,

Definition: A set I" is said to be invex with respect to n if there exists an
N :R"x RN x R" x RN — R such that for any p, g, r,s € Tand A € [0, 1],

p+An(p,q,rs)el
g+ (s p,.arel
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r+ix(,r,sp el
s+in(r,s,p,q el

Definition

F is said to be Monotone on T if for every pair of points p, q,r,s € T,

@-p)7 (F(@) - F(p) 2 0.

Definition

Let " be an invex set with respect to . F is said to be invariant Monotone on I" with respect to n if for any p, q,r,s € T,
n(p, 0,1, ) TF(S) + (s, p, &, NTFO) + n(r, s, p, @) TF(@) +n(a, 1, 5, p) TF(p) <O.

Remark

Every Monotone map is an invariant Monotone Map with

n(p.q.r,8)=2s-p-r,

n(s P, g, r)=2r-q-s

nr s p.a)=2q-p-r,
n,r,s,p)=2p-q-s

F is monotone on I", we have for every pair of pointsp, g, r,s € T,

(s-NTFE) + (- )TFO) + (@-p) TF@) + (0 -5)TF(p) = 0

= [F(s) - F(N] (s - 1) + [F(r) - F(@)] (r - a) + [F(a) - F(p)] (a - p) + [F(p) - F(s)](p - ) <O
= @2s-p-nNFE)+(@r-s-q)Fr)+@2q-r-p)F(a) + 2p-q-s)F(p) <0
=n(p, 4 1, 8) TF(s) + (s, p, 6, TR + (s, p, Q) TR(@) + (@, 1,5, p)TF(p) <0
F is invariant Monotone with respect to n on I, but the converse is not true.
Example : Let F and n be Maps defined as

F(p) = (1 +cos p1, 1 + cos py, 1 + cos pg, 1 + COS py)

F(g) =(1+cosqq, 1+ cosqy, 1 +cosqg, 1+ cosdy)

F(r)=(1+cosry, 1+cosry, 1 +cosrg, 1+coSry)

F(s) = (1 +cossq, 1 +cos sy, 1 +cos sg, 1+ cos sy)

. . sins
np, g, r,s)= {(1+ cosq,)(sinp, —sing,) . :

,(1+cosq,)(sinp,—sing,) SINS, ,
0sq, €0sq,

sin

(1+cosq,)(sinp, —sing,) 5 ,(L+cosq,) (sinp, —sin q4)§:)ns4}

C 3 4

wherep, q,r1,s. € 0,E X 0,E X 0,E X 0,E
2 2 2 2

n(p, g, 1,8) TFE) + (s, p, 4, N TFE) +n(r, s, p, 9) TF@) +n(, 1, s, p) TF(p)

sinr,

:{(1+cos r)(sinp, —sinq,) >N
cos

+(1+cosr,)(sinp, —sing,) ;
1 2

. . sinr,
+(1+cosr,)(sinp, —sing,)——
cos

+(L+cosr,)(sinp, —sing,) >InT, }
cos

3 r4

J{(H cosq,)(sinr, —sinp,) NG, (1+cosq,)(sinr, —sinp,) SIng,
€osq, cosq,
+(1+cosq,)(sinr; —sin ps)%+ (L+cosq,)(sinT, —sinp,) 0 da }
cosq, cosq,
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+{(1+ cosp,)(sing, —sinr,) zln Py

. . sinp,
+ (1+cos sing, —siIntr.
osp, (L E0SP)(sing; —sine)

sinp,

+(1+cosp,)(sing, —sinr,)

cosp,

+(1+cosp,)(sing, —sinr,) >IN P, }
3

_ Z:{sin p,sinr, —sing,sinr, N sinr;sing, —sinp, sinq, N sinp, sing, —sinp, sin rl}
cosr, cos(q, cosp,
Z{(sin p,sinr, —sing, sinr,)cosp, cosq, +(sinr, sing, —sinp, sing,) cosp, cosr,
+(sin p;sin g;—sin p;Sinr) c0SQ;COS I }
COSp, COS(, COST,

Z [sinp, sinr, cosq, (cosp, —cosr,) +sinr, sing, cosp, (cosq, —cos,)
+(sin p;sin g;cos 1, (Cos @;—C0s py)]

COS p, COSQ, COST,

= Z{tan p, tanr, (cosp, —cosr,) + tan g, tanr,(cosg, —cosr,) + tan p, tan g, (cosq, —cosp, )}

= Z{—Z{tan p, tan r, sin (%)sin (%)+ tan g, tan rlsin(%;_r1 ]sin[qlz_rl)

+tan p, tan qlsin(qﬁpljsin(ql_pljﬂ
2 2
forp,q,r,se (0, E]X(O,EJX(O,EJX(O,EJ
2 2 2 2

Hence F is invariant monotone with respect to n.

T T T T T T TT
Letp: Ty Ty T T 1q: T v v o
(4 4’4 4] (6 66 6]

Now, (q - p) '[F(@) - F(p)]

=|Z_Z 1+c05£,1+c05£,1+cosE,1+cosE - 1+cosE,1+cos£,1+cos£,1+cosE
6 4 6 6 6 6 4 4 4 4

T T T 2
=|——|,|4| cos=—cos—
SIS

(3)5-&)

Thus F is not Monotone.

Definition

Let the set I be invex with respect to p and 1 : X x X x X x X — R be a vector valued function. The function f: I' — R is said to

be pre-invex with respect to n if

f(p + An(p, 0,1, 5) <Af(p) + 11 f(q) + Af(r) + A3f(s)
f(q + An(s, p, g, r) <Af(s) + 11 f(p) + 1of(q) + A3f(r)
f(r + An(a, r, s, p) < Af(q) + A1 f(r) + Aof(s) + A5f(p)
f(s + MA(r, s, p, Q) <Af(s) + 11 1(s) + Lof(p) + A5f(q)
vp,qrselwhered+2i+Ahr+2A3=1 %€ [0, 1]
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Assumption - A

Let the set " be convex with respecttoy and let f: T' — R. Then
f(s + An(p, q,1,5)) < f(p)
f(r +n(s, p. 0, 1) <f(q)
f(q + an(g, s, p) < ()
f(p + An(r, s, p, 9)) <(s)

Remark

Assumption A is just the inequality of the definition of pre-invexity with
l:]., 7u1:7u2:7u3:0

Assumption - B

Letn : X x X x X x X — RN, Then for any p, g, r, s € RN and for A < [0, 1],

Tl(qa 4,9, 9 + )\‘n(pi q,r, S)): ')\‘n(pi q,r, S)
Tl(pa g+ }\‘]_ni r, S) = (1 - }Ll)n (p1 a,r S)

Tl(p, q,r+ )\‘Zna S) = (1 - }\‘2)11 (p1 a.r, S)
Tl(pa q,r,s + }\‘Sn) = (1 - }\‘3) Tl(pa q,r, 5),
where A+ A1 + Ay +Ag=1.

Remark: We will show that Assumption B holds if
NP, q,r,8)=@Bp-q-r-s)+ol3p-q-r-s
(@ n(@,a,9,9+xnp,qr59)
=n(a, 9,9, d+A[@p-q-r-s)+oll3p-q-r-s)
=30-9-9-9-(@Q+2)[Bp-q-r-s)+0|3p-q-r-5)
=-M@p-q-r-s)+ol3p-q-r-s))
= ')\‘n(pi qi r, S)
(b) Tl(pa q-+ )\‘]_ni r, S)

=@p-q-Aqm-r-s)+o[3p-qg-rqm-r-s
=@p-q-r-s)-aqn(p,qr,8) +0llBp-q-r-s)-rm, q,r, )l
=(@p-q-r-s)-21(Bp-q-r-s)+ol3p-q-r-sl|+ol|(3p+q-r-s)-A(3p-q-r-s)+0ol3p-q-r-s)
=(1-2)@p-q-r-s)+(1-21q)0l3p-q-r-9
=(1-2)(@p-q-r-s)+0l8p-q-r-s)
=@1-A)np.ars)
() n(p, g, r+2om,s)
=(@p-q-r-Aom-s)+0o|8p-q-r-2im-s
=(@p-q-r-s)-on(p, g r,s) +0l(Bp-q-r-s)-2Aom(p, q,r, )l
=@p-q-r-s)-2(Bp-q-r-s)+ol3p-q-r-sf) +ol|(3p-q-r-s)-rx((Bp-q-r-s)+0[3p-q-r-s))
=(1-2)@p-q-r-s)+(1-21p)o0l3p-q-r-9
=(1-2))(Bp-q-r-s)+0l8p-q-r-s)
=(1-2)n(p.a,r159)
(d) n(p, g, 1,5+ Ag3n)

=(@p-q-r-s-Agn)+o[3p-q-r-s-ign)
=3p-q-r-s-23(Bp-q-r-s)+ol[3p-q-r-sf) +oll((p-q-r-s)-A3(Bp-q-r-sl)+olBp-q-r-s
=(1-23)@p-q-r-s)+(1+1r3)0l3p-q-r-s
=(1-23)((Bp-q-r-s)+0l8p-q-r-s)
=(1-23)n(p.q,r1,9)

Example

Let f(x) = -|x|, V X € K= (-2, 2) and let
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p+q+r-s, p=0,g=0,r>0,s>0
p+q+r-s, p<0,0=0,r<0,s<0
p+q+r-s, p<0,0<0,r>0,s<0
p+q+r-s, p<0,0<0,r<0,s=>0
p+q+r-s, p=0,0>0,r<0,s<0
p+q+r-s, p=0,9<0,r>0,s<0
p+q+r-s, p=0,0<0,r<0,s>0
p+q+r-s, p<0,0<0,r>0,s>0
-2—-(Q+r+s), p=0,g>0,r<0,s<0
-2—-(Q+r+s), p=0,g>0,r<0,s>0
-2—-(q+r+s), p=0,g<0,r>0,5s>0
-2—-(Q+r+s), p=0,g<0,r<0,s<0
-2—-(q+r+s), p<0,9<0,r<0,5s>0
-2—-(q+r+s), p<0,g9=>0,r<0,5s>0
-2—-(q+r+s), p<0,g=>0,r>0,5s>0
-2—-(q+r+s), p<0,9<0,r>0,s<0

ﬂ(p, q, r, S) =

Thus, fis invex with respect to n on K and that f and n satisfy Assumptions A and B. However, f is not convex.

The following theorem shows that the preinverxity of a function is equivalent to the invariant monotone property of its gradient.

This is a generalization of the convexity of a function and the monotonicity of its gradient obtained in [1].

Lemma

Let f be differentiable on an open set containing T. If f is invex with respect to ), then Vf is an invariant monotone with respect to

n.

Proof

Let f be invex. Then we have f(p + An(p, g, 1, s) < AM(p) + 11f(q) + Aof(r) + A3f(s),
wherep, g, r,s e LA+A+ Ao +2A3=1 24 € [0, 1]

Applying Mean Value Theorem, f (p + An) - f(p) = An f'(p + OAn)

N f(p+7;11)—f(p) =f'(p+0%n)

Here, f(p + An(p, g, 1, s) - f(p) < Af(p) - f(p) + A1 f(q) + Aof(r) + A5f(s))
_ F+n)(p.a,1,8) ~f(p) _ (A -DF(p) +A,F(Q) +4,F(r) + A, (5)

AN An
From equation (1), we get

(o + 6 < ADF @) +1f (7?) +hf (0 +2£(5)
n

= 2N T VH(p) < (1 - DF(p) + A4 f(q) + Aof(r) + A5f(s) ()

Similarly,

T V@) < (hy - 1) (@) + 1) + 2y F(p) + A5f(r) (ii)

T V) < (b - 1) £(r) + AF(Q) + Aof(s) + 23F(p) (iii)

A TVi(s) < (A1 - 1) f(s) + Af(r) + Aof(p) + A3f(q) (iv)

Adding (i), (ii), (iii) and (iv), we have

n(p, a1, 8) TVES) +1(s, p, g, )T V() +n(a,r.s, p)T VE@G) +n(r, s, p, ) T VE(p)

1)
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S(A-1+hg+ R+ A f(p) + (Ao -1+ A + A+ 23) f(Q) + (A3 -1+ Ay + A+ 1q) (1)
+(A-1+hg3+ A +A)f(s) <0, for A+ + Ay +A3=1,A € [0, 1]

VT is invariant monotone on I" with respect to n.

Theorem

Let f and n satisfy respectively Assumptions A and B and let f be differentiable on T". Then f is a preinvex function with respect to
n on I" if and only if Vf is invariant monotone with respect to n on T" and f satisfies Assumption A.

Proof

Suppose fis pre invex on I" with respect to I" Then

f(p + An(p, q, 1, 5)) < Af(p) + A1 f(a) + Aof(r) + A3H(s)

f(q + An(s, p, g, r) < f(s) + 11 f(p) + A5f(q) + k3f(r)

f(r + An(a, r, s, p) < Af(q) + A1 f(r) + Aof(s) + A5f(p)

f(s + An(r, s, p, q) < Af(r) + A1 f(s) + Ao(p) + A3f(q)

By assumption A, A =1, =Ay =213 =0.

The invexity of a function is equivalent to the invariant monotone property of its gradient by lemma 2.1.

Since f is differentiable on an open set cotaining I', therefore Vf is invariant with respect to ny on I'. Conversely, suppose that Vf is

invariant monotone with respect to nj on I'. Assume that f is not preinvex with respect to  on I". Then there exist p, g, r, s € I" such
that

f(p+n(p, q,r, s)>2nf(p) + 11f(q) + Aof(r) + A3f(s), where p, g, 1, s € T,
k+k1+k2+k3:1andke [0, 1].

Applying Mean Value Theorem.
f(p + An) - f(p) = Anf'(p + 6An), where 0 <6 <1

_ f(p+an)-f(p) =f'(p+0\n)
A

Now, f(p + An(p, q, 1, 5)) - f(p) > Af(p) - f(p) + A1 f(q) + Aof(r) + A3f(s)
> (A - 1) f(p) + 11 f(q) + 2of(r) + A3f(s)

_ Fp+an)(p.q,r,8)~f(p) | (A -DF(p)+2,7(q) +2,f(r) + A, ()

A A
Using equation (1), we get
f(p+ onm) > ADFE+AF@ +7F () ()

An

= knTVf(p) > (A - Df(p) + A1 f(q) + 1of(r) + A3(s) Q)
Similarly, we get
knTVf(q) > (Ao - 1) f(q) + Af(s) + 11 f(p) + A3f(r) (i)
knTVf(r) > (Mg - 1) (r) + M(q) + Aof(s) + A3f(p) (iii)
kan(s) > (Aq - 1) f(s) + Af(r) + Lof(p) + A3f(q) (iv)

Adding equation (i), (ii), (iii) and (iv) we have

n(P, 6,1, 9)TVES) + (s, p, a4 NTVAR) +n(g, 1,5, p)TVAE) + 0, s, p, 9)TVA(p) >

(A -1+ + A+ M)f(p) + (Mo -1+ A + A+ A)f(@) + (Aq - L+ Xy + Ag + A) f(r) +(Aq - L+ Ao + X + Ag)f(s) =0,
which contradicts the invariant monotonicity with respect ton on I

Definition

F is said to be stricity monotone on I" if for every pair of distinct point (p, q) € T,

(@-p)T(F@) - F(p) >0
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Definition

Let " be an invex set with respect to n. F is said to be strictly invariant monotone with respect to n on I if for any point p, g, r, s

eT,

n(p, . 1,9)T V) + @ p, g 0T VEE) + 1,1, s, p)TVER) +n(r, s, p, q) TVH(g) <0

Remark

Every monotone map is an invariant monotone map with

n(piqiris)zzs'p'ri n(qarasap)zzr'Q'S
ne p,a,r=2p-q-s, n(r, s p.a)=2q-p-r.

F is monotone on T'.

We have for every pair of pointsp, q,r,s € I
(s-NTFE) + (- )TFE) + (@ -p)TF(@) + (0 - ) TF(p) > 0

= (F(s) - F(n)) (s - 1) + (F(r) - F(@)) (r - q) + (F() - F(p)) (4 - p) + (F(P) - F(s)) (P-5) <0

= (@2s-p-nF(@s)+@r-s-q)F()+@2q-r-p)F@)+(2p-q-s)F(p) <0

=n(p, g, 1, 8) TF(S) + (s, p, g, N T-F() + na, 1,5, p)TF(@) + n(r, s, p, @) TF(p) <0

F is invariant monotone with respect to n on I" but the converse is not true.
Example

Define the map I" and n as

F(p) = (-1 - cos pq, -1 - cos py, - 1 - €Os pg, -1 - COS py)

F(g) =(-1-cosqq, - 1 -cos gy, -1 -cos qg, -1 - cos qy)

F(r)=(-1-cosrq, -1-cosro, -1 -cosrg, -1-cOSry)

F(s) = (-1 - cos sq, -1 - cos Sy, -1 - €OS S3, -1 - COS Sy)

. . sins
np, g, r,8)= {(—1—005 q,)(sinp, —sinq,) o :

1
sins,
cosq,

wherep, g, r,s €| 0, = x| 0, = |x[ 0, X |x[ 0, &
2 2 2 2

n(p, 4,1, 8) TF() + n(s, p, a4, N TFC) + 1@, 1, s, p) TF(@) +n(r, s, p, q) TF(p)
_ {(_1_Sin81)[c08 g, — Cos p1]+ (_l_sinsz)(cos q, — C0S pzj

(—1-cosq,)(sin p; —sing;,) ,(=1-cosq,)(sinp, —sing,)

sins, sins,
+(-1-sins,)| 29 705 |, 4 _gjns,)| $591—COSPs
SN, sins,
| (C1-sing,)[ SSPL=0SS | L (1 ging,)| SOSP2=COSS,
sing, sing,
(c1-singy)| S2SPs =008 | | ¢ inq [ COSPs —COSS,
Sing; sinq,

) 0SS, —COS( ) COSS, —C0S(
_1— 2959, 7RO 1L (_1_sin L0535, ~t05H,
{( smpl)[ sinD, ]+( i pz)( sinD,

+(—1—sinps)[—‘:"”;in‘:“qs]+(—1_sinp4)[—°°”;in‘:°s'°4]
3 4

,(—l—COSCIZ) (Sin P2 —sin qz) )

| |

sins,
cosq,
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+{(—1—sin rl)[cossl —€0S p1]+ (1-sin r2)(cossz —cos pzj

sinr, sinr,
. COSS, — COS : oSS, —COS
+(-1-sinr,) 3—p3 +(—1-sinr,) 4—p4
sinr, sinr,
. oS (g, —Cos . COSp, —COSS
:Z(—l—smsl) M +(-1-sinq,) L
sins, sinq,
. COSS, —COS . COSS, —COS
+(—1—S|np1)1_—ql+(—1—sm ) 1—p1
sinp, sinr,
-y COSp, —€0SQ, COSS, —COSP,  COS, —COSS, | COSP, —COSS,
sins, sinq, sinp, sinr,

=> __2 (sin Pits g, pl_q1j+ __2 (sin %+ P i Sl_pl]
sins; 2 2 sing, 2 2
+ __2 (sin % *5 gGip S _Slj+ __2 (sin Pit3; Gin P _31]
sinp, 2 2 sinr, 2 2

pase(o 3 {0 {0 500

Clearly F is strictly invariant monotone with respect to n.

T T T T T T T T
Letp: —y Ty Ty < 1q: Ty Ty Ty T
(6 6 6 6] (4 4 4 4)

Then (q - p) T(F() - F(p))

. L —1—sin£,—1—sin£,—1—sin£,—1—sinE
4 6 4 4 4 4

- —1—sin£,—1—sin£,—1—sin£, —1—s,inE
6 6 6 6

T . T . T 2
=—,[4| sSIn——sin—
)

Ell
6l2 2

o3
N
N

b
6l 2
Thus F is not strictly monotone.

Remark

Every strictly invariant monotone map is an invariant monotone map with respect to the same n but the converse is not necessarily
true.

Example

Define the map F and n as

19678 |Page



International Journal of Recent Scientific Research Vol. 8, Issue, 8, pp. 19671-19680, August, 2017

F(p) = (- cos pq, - €OS py, - COS P3, - COS Pg)

T T T T T T T
Where pe|l——, = |X| ——, = |X| ——, = |X| ——, =
STIS TS HIeH

n(p1 q, r, S) :|:

COSS, ’ coss,

T T T T mnT T T T mT T T
pa q1 r! S e —— =y XTI X Ty T T
(2222](2222)(222

r
2

n(p, g, 1,8) TFE) + (s, p, 4, NTFE) + (@, 1, s, p) TF@) +n(r, s, p, 9) TF(p)

CoSS,

mT T T T
X ==y =y Tr» =
j ( 2'2' 2 2)

_ (Sin P, —sin q, —sin rl) (—COSS )+ (Sin P, _Sian —sin r2) (—COSS )
COSS, ' COoss, i
N (sin Ps —sin d, —sin r3) (—COSS )+ (Sin P4 _Sinq4 —sin r4) (—COSS )
coss, : coss, )
N (sing, —sinr, —sins,) (—cosp,)+ (sing, —sinr, —sins,) (—cosp,)
cosp, ' cosp, i
+(sin g, —sinr; —sins;) (~cosp,)+ (sing, —sinr, —sins,) (-cosp,)
COS p, ? cosp, '
N (sinr,—sins, —sinp,) (—cosq,) + (sinr, —sins, —sinp,) (—cosq,)
c0sq;, ' cosq, i
c0sq;, ? cosq, '
+(ﬁnsl—ﬂnpl—ﬁnqg(_aBr)+(ﬁnsz—ﬁnpz—ﬁnqg(_cosr)
cosT, ' CosT, i
+(ﬂn53—ﬁnp3—9nq9(_cosr)+(ﬂn54—ﬂnp4—9nQJ(_cosr):0
cos, s cosr, )

Clearly F is invariant montone with respect to .
Thus F is not strictly invariant monotone with respect to .

Theorem

coss,

sinp, —sing, —sinr, sinp,—sing, —sinr, sinp,—sing, —sintr, sMp4—ﬁnq4—§nQ}

Let f and n satisfy Assumptions A and B respectively. Then f is a strictly preinvex function with respect to ) on T if and only if Vf
is strictly invariant monotone with respect to  on I" and f satisfies Assumption A.

Proof

Suppose f is strictly preinvex on I" with respect to 1, then

f(p + An(p, a, 1, 8)) < AMf(p) + Aq1(q) + Aof(r) + Ag(fs),
f(q + An(s, p, , 1)) < Af(s) + A1 f(p) + Aof(q) + k3f(r),
f(r +an(a, r, s, p)) < AR(Q) + A1 F(r) + Aof(s) + A3f(p),

f(s) + An(r, s, p, 4)) < Af(r) + 11 (s) + 1of(p) + k3f(q).

First assumption A is just inequality with A = 1, A1 = A, = A3 = 0 in the above inequalities and lemma 2.1, it follows that f is strictly

invariant monotone with respect tom on I

Conversely, suppose that Vf is strictly invariant monotone with respect n on I'. Assume that f is not stricity preinvex with respect to

n on I'. Then there exist. p, g, r, s € I" such that

f(p + n(p, a, 1, 5)) 2 Af(p) + 11 f(q) + Af(r) + A3f(s),

wherep, q,r,s e I'suchthatA + A1 + Ao +Ag=1and 1 € [0, 1]
Applying Mean Value Theorem,

f(p + An) - f(p) = Anf’(p + OAn), when 0< 0 <1
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N f(p+7;11)—f(p) =f'(p+0%n)

Now, f(p+2An(p, q,r,s)-f(p) = (- 1) f(p) + A1f(q) + Aof(r) + A5f(s)
_ Fe+an(p, g, 1,8)~F(p) . (A =D (p) +A,F(A) + 2, (r) + 2,7 (5)

An An

By using Equation ... (1), we get

(A =Df (p) + A,f (@) + 2, (1) + A,f (5)

f'(p+6An)>

A
= knTVf(p) >(A-1) f(p) + A1 f(q) + Aof(r) + A3f(S) ... (i)
Similarly,
?mTVf(q) >(Ao-1) f(a) + Af(s) + A1 f(p) + A3f(r) ... (ii)
)mTVf(r) > (M - DF(r) + Af(q) + Aof(s) + A3f(p) ... (iii)
knTVf(s) > -1) f(s) + Af(r) + Aof(p) + A3f(Q) ... (V)

Adding Equation (i), (ii), (iii) and (iv), we have

n(p, g, 1, 8) TVHS) + n(s, p, g, N TV +n(a, 1, s, p)TVE@) + n(r, s, p, a) V(D)
2((A-1)+h + 2 +Ag) f(p) + (Ao - 1+ 2q + 1 + 23)f(q)

+(kl-1+k2+k3+k)f(r)+(k1-1+k2+k+k3)f(s):0

which contradicts the strictly invariant monotonicity with respect to n on Vf.
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