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In this paper, we present a fixed point theorem for a generalised contraction in cone metric space.
We also present an application to first-order ordinary differential equations with periodic boundary
value problem and obtain the existence and uniqueness of a lower solution.
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INTRODUCTION

Huang and Zhang [7] have introduced the concept of cone
metric space by replacing the set of real numbers by an ordered
Banach space and proved many fixed point theorems of
contractive type mappings in cone metric space. Subsequently,
many authors in [1], [15], [3],[9],[5].[6] have generalised the
results of Huang and Zhang and have studied fixed point
theorems for normal and non-normal cones. Fixed point theory
has now evolved rapidly in cone metric space equipped with
partial ordering. In [4], some results regarding partially ordered
sets in cone metric spaces have been proved. In [11], [2] some
results on the existence of fixed points for non-increasing
function in cone metric space as well as an application to
ordinary differential equations were found. In [12], some
results on existence of a unique fixed point theorem for non-
decreasing mappings are applied to obtain a unique solution for
differential equation with boundary value problem. In this
paper, we prove fixed point theorem for non-decreasing
function satisfying generalised condition in cone metric space
and also an application to ordinary differential equation was
given.

*Corresponding author: Geethalakshmi B

Preliminaries
Definition

Let E be a real Banach space. A subset P of E is called a cone if
and only if

1. Pisclosed, nonempty and P= {0}
2. abeR,ab=0,x,y €P implies ax +by €P
3. pn(-p)={0}

Given a cone P € E, we define a partial ordering < with
respect to P by x <y implies y — x €P. A cone P is called
normal if there is a number k> 0 such that for all x,y € E,

0< x <y implies ||lx|| < kllyl.

The least positive number satisfying the above inequality is
called normal constant of P, while x « y stands fory — x € int
P(interior of P).

Definition
Let X be a nonempty set.Suppose that the mapping d:X x
X —E satisfying

1. 0<d(x,y)forall x,y € X and d(x,y) = O if and only if

X=y
2. d(x,y) =d(y,x) forall x,y € X
3. d(x,y) <d(x,z) +d(z,y)forall x,y,z€ X
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Then d is called a cone metric in X and (X,d) is called a cone
metric space.The concept of a cone metric space is more
general than that of a metric space.

Definition
Let (X,d) be a cone metric space. We say that {x,,} is

1. A Cauchy Sequence if for every c in E with ¢>> 0, there
is N such that for all n,m> N, d(x,,, x,,,)<<c

2. A Convergent Sequence if for every ¢ in E with ¢>»
O,there is N such that for all n> N, d(x,,x) «c for
some fixed x in X.

A cone metric space X is said to be complete if every Cauchy
sequence in X is convergent in X.It is known that {x,}
convergent to x in X if and only if d(x,,,x) - 0 as n — .The
limit of a convergent sequence is unique provided P is a normal
cone with normal constant k.

In this paper, we consider a special case of the following
periodic boundary value problem

u'(®) = £(t ult)) iftel=[0T]. (1)
u(0)=u(T).

where T>0 and f: Ix R — R is a continuous function.
Definition

A lower solution for (1) isa function 8 € C(I, R) such that

B'®) < f(t, @) for t €1, (0) < B(T).

The following lemmas are used in main results.
Lemma 1.

Let P be a cone and {a,} be a sequence in X. If ce
int Pand 6 < a, - 6 (asn - ), then there exists N such
that for all N> N, we have a,, < c.

Lemma 2.

Let x,y,z€X,if x Kyandy K z,thenx « z.

Lemma 3.

Let P be a cone and 6 < u « c for each ¢ € int P, then u=6.
Main results

Theorem

Let (X,d) be a complete cone metric space. Let T: X - X be a
increasing function satisfying the contractive condition

d(Tx, Ty) <a(d(x,y)) + bld(x,Tx) + d(y, Ty)] +
cld(x, Ty) + d(y, Tx)]

for x,v € X and the constants ab,c€ [0,1) anda+b+c¢ <
1. ThenT has a unique fixed point in X.

Proof

Let x, € X. Consider {x,} where x, =Tx,,_; ;n=1, x,,; =
Tx,,. From contraction,

d(xn+1rxn) = d(Txn,Txn—l)

Sa((d(xnr xn—l )) + b[d(xnr Txn) + d(xn—l rTxn—l )] +
cldCxe,, Txp_y ) +d(x,_1,Tx,)]

Sa(d(xnr xn—l )) + b[d(xnr xn+1) + d(xn—l ' xn )] +
C[d(xnrxn) + d(xn—l 1 Xnt1 )]

Sa(d(xnr xn—l )) + b[d(xnr xn+1) + d(xn—l ' xn )] +
C[d(xn—l rxn) + d(xnr xn+1 )]

(e, X)L — b —¢) < d(x,, x,—1 )(at+h+c)

(a+b+c)
= d(xn+1r xn) < d(xnrxn—l ) (1-b—c)
. (a+b+c)
Substituting = andas0< <1
(1—b—c)

S, %) <0 d(x,) < <
Foranym= 1, p > 1, it follows that

"d(xy,%0)

d(xm+prxm) < d(xm+prxm+p—1) + d(xm+p—1rxm)

< d(xm+pr xm+p—1 ) + d(xm+p—1 rxm+p—2 )+d(xm+p—2 axm)
<

d(xm+pr xm+p—1 ) + d(xm+p—1 rxm+p—2 )+d(xm+p—2 1xm+p—3 )
to A X 1)FA(Xma1 Xm)

< T )+
TP o) T () T d( )+
d(xq,x0)
< ( m+p-1 " m+p—2+ m+p—3 ... m+1+ m)d(x1,x0)
m+1 m
= (1 d(xpxo) + d(xq,%x0)
m+1 m
For 6 «<c, d(xq,x0) + d(x;,x0) = 8,asm — ©

(- )
From Lemma 2.5, we find m, € N, such that

m+1
(1 d(x1axo) +

For each m> m,. Hence,

m+1
d(xpxo) +

"d(xy,x0) K C

d(Xmip Xm) < = md(x1axo) «c

for all m>m, and any p. So by lemma {x,} is a Cauchy
sequence in (X,d). Since (X,d) is a complete cone metric space,
there exist x* € X, such that x,, - x*.

Letk > 6 be arbitrary Since x,, — x* there exists N such that
d(x,, x* )<< for alln>N

k
(a+b+c)
((1 b0 +1)
d(x,, x*) < k

d(x,, x*) <

=Xk-b-9) foralln> N
a—1

Next we claim that x* is a fixed point of T.
d(Tx* x*) < d(Tx* Tx,)+ d(Tx,, x*)
=d(Tx* Tx,) + d(x,4q, x*)
d(Tx*, x*) <a(d(x*,x,)) + bld(x*, Tx*) + d(x,,Tx, )] +
cld(x*, Tx, ) + d(x, , Tx*)]+d (x4, x*)
<a(d(x*,x,)) + bld(x", Tx*) + d(xp , X4 1)] +
cld(x*, xpyq) + dlxy , Tx*)]+d (01, x*)
<a(d(x*,x,)) + bld(x", Tx*) + d(x,, x*) + d(x", x41)] +
cld(x® xpiq) +d(xy, x7) +d(x*, Tx*)]+d(x 44, x7).
=2d(Tx*, x*) (1—b —c¢) <d(x*,x,)a+b+c)+
d(x*, x4 )(L+ Db +c)
-:>d(Tx*,x*) < d(x*xpn Ya+b+c)+d(x* xn4+1)(1+b+c)

1-b—c
< k.

From Lemma 3, d(Tx*,x*) = 6, which implies x* is a fixed
point of T. Finally we need to prove the uniqueness of fixed
point.

If there is another fixed point y*, then
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d(x,y*) =d(Tx", Ty")
<a(d(x*,y")) + bld(x", Tx") +d(y", Ty")]
+c[d(x*, Ty*) +d(y*, Tx*)]
<d(x", y)(a+ 2c)
<dx* y)Y1l-a-2c)<1
=d(x*,y*) < 1.
Hence from Lemma 3, x* = y*.
Therefore, the proof is completed.

< Blad(u,v) + b(d(u, Tu) + d(v, Tv)) + c(d(u, Tv)
o (BT-1)

ﬁe(BT_l)
and a lower solution to the problem is such that g(t) <

[H(B(2), te I.

From theorem, finally H has a unique fixed point.

+ d(v, Tu)] x
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