ISSN: 0976-3031

Awailable Online at http://www.recentscientific.com

International Journal of Recent Scientific Research
Vol. 10, Issue, 02(E), pp. 31019-31023, February, 2019

International Journal of
Recent Scientific
Rescarch

CODEN: IJRSFP (USA)

DOI: 10.24327/1JRSR

Research Article
STURM-LIOUVILLE BOUNDARY VALUE PROBLEMS AND THEIR PROPERTIES
Pandit U. Chopade

Department of Mathematics, Dnyanopasak College, Jintur-431 509, India

DOI: http://dx.doi.org/10.24327/ijrsr.2019.1002.3174

ARTICLE INFO ABSTRACT

Article History:

Received 06" November, 2018
Received in revised form 14"
December, 2018

Accepted 23" January, 2019
Published online 28" February, 2019

Key Words:

Sturm-Liouville Boundary Value
Problems, Eigenvalue Problem, Self
Adjoint Problems.
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INTRODUCTION

The boundary value problems are commonly associated with
the name of Sturm and Liouville. They consists of a differential
equation of the form

[Py T —qx)y + Ar(x)y =0 (1.1)

on the interval 0 <x <1, together with the boundary
conditions

a;y(0) + a,y'(0) = 0,b,y(1) + b,y (1) =0 (1.2)

at the end points. It is often convenient to introduce the linear
homogeneous differential operator L defined by

Lyl = =[p()yT1 +qC)y. (1.3)
Then the differential equation (1.1) can be written as
Lly] = Ar(x)y = 0. (1.4)

We assume that the functions p,p’,q and r are continuous on
the interval 0 < x < 1 and, further, that p(x) > 0 and r(x) >
0 at all points in 0 < x < 1. These assumptions are necessary
to render the theory as simple as possible while retaining
considerable generality. It turns out that these conditions are
satisfied in many significant problems in mathematical physics.
For example, the equation y" + Ay = 0 is of the form (1.1)
with p(x) =1,q(x) =0, and 7r(x) =1. The boundary
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conditions (1.2) are said to be separated; that is, each involves
only one of the boundary points. These are the most general
separated boundary conditions that are possible for second
order differential equation. The boundary condition (1.2) is said
to be periodic, if

y(=L)=0=y(L), y'(-L)=0=y'(L).

Properties of Sturm-Liouville BVP

Before proceeding to establish some of the properties of the
Sturm-Liouville problem (1.1), (1.2), it is necessary to derive
an identity, known as Lagrange’s identity, which is basic to the
study of linear boundary value problems. Let u# and v be

functions having continuous second derivatives on the interval
0 <x < 1. Then

1

flL[u]vdx = f [—(pu)v + quv]dx.
0 0

Integrating the first term on the right side twice by parts, we
obtain

1 , 1 , 1
f LuJvdx = —p(x)u (x)v(x) |0 + p()v (Du(x) 0

+J- [—u(pv) + quv]dx.
0
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= —p() [ @)vx) — v Du)]|, +
) 01 ulL[v]dx.
Hence, on transposing the integral on the right side, we have

Ly - ulv]]dx = - p)[w GIv() — v’ ull
@2.1)

which is Lagrange’s identity.
Now let us suppose that the function u and v in (2.1) also

satisfy the boundary conditions (1.2). Then, if we assume that
a, # 0 and b, # 0, the right side of (2.1) becomes

—P@ @ —vEu@lly= M W) -
v Wu)]
+p(0)[u (0)v(0) -
v ()u(0)]
= —p()[-2u@v() +
Zu(Dr(D)]

+p(0)[- 2 u(0)v(0) + 2 u(0)v(0)]
=0.

The same result holds if either a, or b, is zero. Thus, if the
differential operator L is defined by (1.3), and if the functions u
and v satisfy the boundary conditions (1.2), Lagrange’s identity
reduces to

[, LIy — uL[v]]dx =0 2.2)

Let us now write (2.2) in slightly different way. We introduce
the inner product (u, v) of two real-valued functions # and v on
the interval 0 < x < 1, by

(w,v) = folu(x)v(x)dx. 2.3)
In this notation (2.2) becomes
(LTu],v) — (u,L[v]) = 0. 2.4)

In proving Theorem 2.1 below it is necessary to deal with
complex-valued functions. We define the inner product of two
complex-valued functions on the interval 0 < x < 1 as

(w,v) = folu(x);(—a—cjdx 2.5)

where ¥ is the complex conjugate of v. Clearly, (2.5) coincides
with (2.3) if u and v are real. It is important to know that (2.4)
remains valid under the stated conditions if u and v are
complex valued functions and if the inner product (2.5) is used.

To see this, one can start with the quantity folL[u]ﬁdx and

retrace the steps leading to (2.2), making use of the fact that
p(x), q(x), ay, a,, by, b, are all real quantities.

We now consider some of implications of (2.4) for the Sturm-
Liouville boundary value problem (1.1), (1.2). We assume
without proof that this problem actually has eigenvalues and
eigenfunctions. If the Sturm-Liouville problem (1.1), (1.2) has
a non-zero solution y(x) on the interval 0 < x < 1, then we
say A is an eigenvalues and that y(x) is corresponding
eigenfunction of Sturm-Liouville problem (1.1), (1.2). An

eigenvalues of the Sturm-Liouville problem (1.1), (1.2) are said
to be simple if to each eigenvalue there correspond only one
linearly independent eigenfunction, otherwise eigenvalue is
called multiple eigenvalue.

In Theorem 2.1 to 2.4 below, we state several of their important
properties. Each property is illustrated by the basic Sturm-
Liouville problem

Y +24y=10,y(0)=0,y(1) =0, (2.6)
whose eigenvalues are A, = n?m?, with the corresponding
eigenfunctions @n(x) = sinnmx.

Theorem 2.1 All the eigenvalues of the Sturm-Liouville
problem (1.1), (1.2) are real.

Proof: To prove this theorem, let us suppose that A is a positive
complex eigenvalue of the problem (1.1), (1.2) and that ¢ is a
corresponding eigenfunction, also possibly complex-valued.
Let us write A =pu+iv and ¢@(x) = U(x) +iV(x), where
w,v,U(x) and V(x) are real. Then, if we let u = ¢ and also
v = ¢ in (2.4), we have

(Llel, @) = (@, L[o]). 2.7)

However, we know that L[] = Ar¢ , so (2.7) becomes

(Are, @) = (¢, rp). (2.8)

Writing out (2.8) in full, using the definition (2.5) of the inner
product, we obtain

fy reedx = [ () IrG) p()dx.
(2.9) The weight function 7:[0,1] = R, such that r(x) > 0,
(2.9) reduces to

A= [ r@e@e@)dx =0,

A=2 [ TG +
V2(x)]dx =0. (2.10)
The integrand in (2.10) is non-negative and not identically
zero. Since the integrand is also continuous, it follows that the
integrand is positive. Therefore, the factor A — A = 2iv must be
zero. Hence v = 0 and A is real, so the theorem is proved.
An important consequence of Theorem 2.1 is that in finding
eigenvalues and eigenfunctions. It is also possible to show that
the eigenfunctions of the boundary value problem (1.1), (1.2)
are real.

Theorem 2.2 (Orthogonality Property) If ¢, and ¢, are two
eigenfunctions of the Sturm-Liouville problem (1.1), (1.2)
corresponding to eigenvalues A; and A,, respectively, and if

e # A,, then

J, 7)1 () (x)dx = 0. @.11)

Proof: We note that ¢; and ¢, satisfy the differential
equations

Lps] = 4ireq (2.12)
and
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L [@2] = A;1¢,, (2.13)

respectively. If we let u = ¢,, v = ¢,, and substitute for L[u]
and L[v] in (2.4), we obtain

(r@1, @2) = (@1, 4279,) =0,

(2.5) implies that,

M fy TG0 009X dx — A, [ T ()9, (¥)elx = 0.
Because 4,, r(x) and ¢, (x) are real, this equation becomes

(A = A) f, 7)1 (X) g (x)dx = 0.

Since by hypothesis 4; # 4,, it follows that ¢, and ¢, must
satisfy (2.11), and the theorem is proved.

Theorem 2.3 The eigenvalues of the Sturm-Liouville problem
(1.1), (1.2) are all simple. Further, the eigenvalues form an
infinite sequence, and can be ordered according to increasing
magnitude so that

/’{1 < /’{2 < ve
Moreover, A, = wasn — oo.

/1n < e

Again we note that all the properties stated in Theorem 2.1 to
2.3 are exemplified by eigenvalues A, = n?m? and
eigenfunctions ¢, (x) = sinnmx of the example (2.6). Clearly,
the eigenvalues are real. The eigenfunctions satisfy the
orthogonality relation

fol @ (), (x) dx = fol sinmmx sinnmx dx = 0,

m#*mn, (2.15)
which establish by direct integration. Further, the eigenvalues
can be ordered S0 that

LM< A, <+ Ay <+, and A, - o as n — . Finally, to
each eigenvalue there corresponds a single linearly independent
eigenfunction.

We will now assume that the eigenvalues of Sturm-Liouville
problem (1.1), (1.2) are ordered as indicated in Theorem 2.3.
Associated with the eigenvalue A, is a corresponding
eigenfunction ¢,,, determined up to a multiplicative constant. It
is often convenient to choose the arbitrary constant multiplying
each eigenfunction so as to satisfy the condition

[ () 9 2()dx =1, n=1,2,.. (2.16)

Equation (2.16) is called a normalization condition, and
eigenfunctions satisfying this condition are said to be
normalized. Indeed, in this case, the eigenfunctions are said to
form an orthonormal set (with respect to the weight function r)
since they already satisfy the orthogonality relation (2.11). It is
useful to combine (2.11) and (2.16) into a single equation. To
this end we introduce the symbol §,,,, known as the Kronecker
delta and define by

_{O,ifm;tn,

lif m=n. (2.17)

5‘”11’1
Making use of the Kronecker delta, we can write (2.11) and
(2.16) as

1
Jo TGP ()9 () dx = S (2.18)
We now turn to the question of expressing a given function f as

a series of eigenfunctions of the Sturm-Liouville problem (1.1).
(1.2).

Now suppose that a given function f is continuous and has
piecewise continuous derivatives on 0 < x < 1, and satisfying
the boundary conditions f(0) = f(1) = 0, can be expressed in
an infinite series of eigenfunctions of Sturm-Liouville problem
(1.1), (1.2). If this can be done, then we have

f(x) = Xh=1 cnpn(X), (2.19)

where the functions ¢,(x) satisfy (1.1), (1.2), and the
orthogonality condition (2.18). To compute the coefficient in
the series (2.19), we multiply equation (2.19) by r(x)@,, (%),
where m is a fixed positive integer, and integrate from x = 0 to
x = 1. Assuming that the series can be integrated term by term
we obtain

Sy T f Q)@ () dx =S ¢ [ ()P () () dx

= Zﬁ:l CnOmn- (2.20)
Hence, using the definition of §,,,,, we have
1
cm = Jy TG f D)) dx = (f, ro),m=12,... (221)

The coefficients in the series (2.19) have thus been formally
determined.

Theorem 2.4 Let ¢4, @3, ..,¢,, ... be the normalized
eigenfunctions of the Sturm-Liuoville problem (1.1), (1.2):

[Py —q@)y + Ar(x)y = 0,
a,;y(0) + a;y'(0) = 0,b,y(1) + by (1) = 0.

Let fand f” be piecewise continuous on 0 < x < 1. Then the
series (2.19) whose coefficient ¢, are given by (2.21)

converges to [f(“)z;f(x_)]

0<x<1.

at each point in the open interval

If f satisfies further conditions, then a stronger conclusion can
be established. Suppose that, in addition to the hypothesis of
Theorem 2.4, the function f is continuous on 0 < x < 1. If
a, = 0 in the first of equation (1.2) [so that ¢,(0) = 0], then
assume thatf(0) = 0. Similarly, if b, = 0 in the second of
equation (1.2), assume thatf (1) = 0. Otherwise no boundary
conditions need be prescribed for . Then the series (2.19)
converges to f (x) at each point in the closed interval

0<x<1

Self-adjoint problems

Let us consider the boundary value problem consisting of the
differential equation

Llyl = Ar(x)y, 0 <x <1, 3.1)
Where
LIyl = B() S5+ ot PL(x) 2+ Po(2)y,

(3.2) and n linear homogeneous boundary conditions at the
endpoints. If equation (2.4) is valid for every pair of
sufficiently differentiable functions that satisfy the boundary
conditions, then the given problem is said self-adjoint. It is
important to observe that (2.4) involves restrictions on both the
differential equation and boundary conditions. The differential
operator L must be such that the same operator appears in both
terms of (2.4) this require that L be of even order. Further, a

second order operator must have the form (1.3); a fourth order
operator must have the form

Lyl = [p()yT = [q)yT + s(x)y (3.3)
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and higher order operators must have an analogous structure. In
addition, the boundary conditions must be such as to eliminate
the boundary terms that arise during the integration by parts
used in deriving (2.4). For, example, in a second order problem
this is true for separated boundary conditions (1.2) and also in
certain other problem, one of which is given in Example 3.5.
Let us suppose that we have a self-adjoint boundary value
problem for (3.1) where L[y] is given by (3.3). We assume that
D, q, 1, and s are continuous on 0 < x < 1, and that derivatives
of p and ¢ indicated in (3.3) are also continuous. If in addition
p(x) >0 and r(x) > 0 for 0 < x < 1 then there is an infinite
sequence of real eigenvalues tending to +o, the eigenfunctions
are orthogonal with respect to the weight function r; that is,
r:[0,1] = R, such that r(x) > 0, for allx € [a,b], and an
arbitrary function can be expressed as a series of
eigenfunctions. However, the eigenfunctions may not simple in
these more general cases.

Example 3.1 For 1 € R, solve
y ' +2y=0,y(0)=0,y'(n) = 0.

Solution:

(3.4)

Case 1. Let 1 < 0. Then A = —u?, where u is a real and non-

zero. The general solution of ODE in (3.4) is given by
y(x) = Ae** + Be™H, (3.5)

This y satisfies boundary conditions in (3.4) if and only if
A =B =0. That is y = 0. Therefore, there are no negative
eigenvalues.

Case 2. Let A = 0. In this case, it easily follows that trivial
solution is the only solution of

y =0,y(0)=0,y(m) =0

Thus, 0 is not an eigenvalue.

(3.6)

Case 3. 1> 0. Then A = u?, where p is a real and non-zero.
The general solution of ODE in (3.4) is given by

y(x) = Acosux + B sin ux (3.7)

This y satisfies boundary conditions in (3.4) if and only if
A=0 and Bcosux =0. But Bcosux =0 if and only if,
either B = 0 or cos ux = 0. The condition A = B = 0 means
y = 0. This does not yield any eigenvalue. If y # 0, then
B # 0. Thus cos ux = 0 hold. This last equation has solution
given by u = ?, for n =0,%1, £2, .... Thus eigenvalues are
given by
_2n-1

Ay =22 n=0,41,42, ...

. (3.8)

And the corresponding eigenfunctions are given by

@,(x) = Bsin (?x) ,n=0+1,+2, ...

Note: All the eigenvalues are positive. The eigenfunctions
corresponding to each eigenvalue form a one dimensional
vector space and so the eigenfunctions are unique up to a
constant multiple.

Example 3.2 For A € R, solve

y'+ 2y =0,y(0) — y(n) =

0,y (0)—y'(m=0. (3.9)

Solution: This is not a Sturm-Liouville boundary value
problem. It is the mixed boundary condition unlike the
separated boundary condition above.

Case 1. Let 1 < 0. Then 1 = —u?, where u is a real and non-
zero. In this case it is easily verified that trivial solution is the
only solution of (3.9).

Case 2. Let A = 0. In this case, it easily follows that solution of
(3.9) is given by
y(x) = A+ Bx. (3.10)

This y satisfies boundary conditions in (3.9) if and only if
B = 0. Thus A remains arbitrary. Thus 0 is an eigenvalue with

eigenfunction being any non-zero constant. Note that
eigenvalue is simple.

Case 3. 1> 0. Then A = u?, where u is a real and non-zero.
The general solution of ODE in (3.9) is given by
y(x) = Acosux + B sinux (3.11)
This y satisfies boundary conditions in (3.5) if and only if
Asinux + B (1 —cosux) =0,
A(1—cosux)—Bsinux =0.
This has non-trivial solution for the pair (4, B) iff
sinux (1 —cospux) | _

(1 — cos pux) —sinux|
0.
That is cosux = 1. This implies that y = +2n,n € N, and
hence A = 4n?,n € N. Thus positive eigenvalues are given by

A, =4n’,n €N
and the eigenfunctions corresponding to A,, are given by
@n(x) = cos2nx, ¢, (x) = sin2nx,n € N.

Note: All the eigenvalues non negative. There are two linearly
independent eigenfunctions namely cos2nx and sin2nx

corresponding to each positive eigenvalueld,, = 4n2.

Example 3.3 Determine the normalized eigenfunction of
y +4y=0,y(0) =0,y(1) = 0.

Solution: The eigenvalues of this BVP are
A, =n?n?, n=1,2,..,
and the corresponding eigenfunctions are
@n(x) = kpsin(nmx),
respectively. In this case the weight function is r(x) = 1. To
satisfy equation (2.16) we must choose k,, so that

fol(knsin(nnx))zdx =1 n=12,...
Since

(3.14)

1

1 1 1
k2 f sin’nmx dx = k2 J- (— —=cos Znnx) dx
0 0o \2 2

= %kﬁ,n =12, .. (3.14)

is satisfied if k, =+v2,n=1,2,... Hence the normalized
eigenfunctions of the given boundary value problem are

0n(x) = 2sin(nmx),n = 1,2, ....

Example 3.4 Determine the normalized eigenfunctions of the
boundary value problem
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y'+ 21y =0,y(0)=0,y'(1) +y(1) = 0.

Solution: We observe that the eigenvalues of given BVP, A,
satisfy the equation

sin\/)l_n+ v An cos\//l_n =0n=12,.., (3.15)
and that corresponding eigenfunctions are
(%) = kpsin({[4, x),n=1,2, .. (3.16)

where k,, is arbitrary. We determine k,, from the normalized
condition (2.16). Since r(x) =1 in this problem, we

havefo1 Qi(x)dx = k2 fol sin?(J2, x) dx

%cos ZWx) dx

— k2 (g _ Singzﬁi_nx)) | (1)
i (B )
n Wm

— kz JAn =siny/ Ay .cos\/An
n 220
52 [1+cos? Ay
= i (),
where in the last step we have used (3.15). Hence, to normalize
the eigenfunctions. ¢,,, we must choose

2 1
kn = (m}z ,n= 1, 2,

The normalized eigenfunctions of the given BVP are

V2 sin,/ A
0, (x) = L’lxl;n =1,2,..
(1+cos? /2, )2

We turn now to the relation between Sturm-Liouville problem
and Fourier series.

Example 3.5 Find the eigenvalues and eigenfunctions of the
boundary value problem

y' +y=0, (3.18)
y(-=L) —y(L) =0, y'(-L) —y'(L) = 0. (3.19)

Solution: This is not Sturm-Liouville problem because the
boundary conditions are not separated. The boundary
conditions (3.19) are periodic. Nevertheless, it is
straightforward to show that the problem (3.19), (3.20) is self-
adjoint. A simple calculation establishes that 1, =0 is an
eigenvalues and that the corresponding eigenfunction is
@, (x) = 1. Further, there are additional eigenvalues

T 2T nim
A= (2)2, A = (T)Z' v Ay = (T)Z’
To each of these non-zero eigenvalues there corresponds two
linearly  independent  eigenfunctions; for  example,
corresponding to A, are the two eigenfunctions
nmx
(Pn(X) = COST' ¢n(x) =

.. nmx
smT,nEN.

This illustrate that the eigenvalues may not be simple when the
boundary conditions are not separated. Further, if we seek to
expand a given function f of period 2L in a series of
eigenfunctions of the problem (3.18), (3.19). we obtain the
series

()_a0+i nnx+b . nmx
fx) = > 1(ancos I n Sin I )
oy

which is the Fourier series for f.

Eigenvalue Problem Summary

The Dirichlet Problem
PR =1,2
X' +22X=0 } n= o =54
X(0)=0=X()

nm
X,(x) = sin (Tx)
The Neumann Problem

nm
L’

nmw
X, (x) = cos (Tx)

A, = n=12,..

X'"+22X=0 } N
X'(0)=0=X'(L)
The Periodic Boundary Value Problem

X' +2X=0
X(-L)=0=X()
X'(-L)=0=X'(L)

” X,(x) € {1, cos (%x),sin (%x)}

Mixed Boundary Value Problem

_(2k+1)n k=12
TRt L =12
X(O):O:X'(L) X (x):sin ((2k+1)7‘[x)
" 2L
and
1 _(2k+1)n k=12
et N 00
X'(0)=0=X(L) 2k + Dnx

Xn(x) = cos (———)

References

1. M. Reed and B. Simon, “Mehtods of Modern
Mathematical Physics,” V. 2, Academic Press, 1975.

2. E. C. Titchmarsh, “Eigenfunction Expansion Associated

with Second Order Differential Equations,” Oxford,

1946.

S. S. Sista, “Ordinary Differential Equations”.

4. M. A. Al-Gwaiz, “Sturm-Liouville Theory and its
Applications,” Springer Undergraduate Mathematics
Series, Springer, 2008.

5. E. A. Coddington and N. Levinson,” Theory of Ordinary
Differential Equations,” McGraw Hill, 1955.

6. M. Levitan and 1. S. Sargsjan, “Introduction to Spectral
Theory, Translations of Mathematical Monograph,” V.
39, AMS, 197

(%)

31023 |Page



